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S1 Dataset

Our dataset contains 151 specimens scanned using X-ray microcomputed tomography as described
in [1], which gives the 3D triangulated meshes of the full skulls (Fig. S1). In particular, dry
cranial skeletons of birds were borrowed from the following natural history museums in the
USA: The American Museum of Natural History (AMNH), The Bernice Pauahi Bishop Museum
(BBM/BPBM), California Academy of Sciences (CAS), The Museum of Comparative Zoology,
Harvard University (MCZ), The Museum of Vertebrate Zoology, University of California at Berke-
ley (MVZ) and National Museum of Natural History, Smithsonian Institution (NMNH/USNM).
Mostly, male bird skeletons were used for the analyses. However, both male and female skeletons
were analysed for Hawaiian honeycreepers and their close relatives because of the rarity of
specimens. High-resolution three-dimensional images of the heads of the specimens were taken
using an XRA-002 microCT scanner (X-Tek) available at the Center for Nanoscale Systems at
Harvard University, under the condition of 70 kV and 70 µA. Three-dimensional reconstructions
were performed with CTPro (Metris) and VGStudio Max 2.0 (Volume Graphics).

The scans — which are divided into Hawaiian Honeycreepers (n = 41), their relatives (n =
9), Darwin’s Finches (n = 54), and their relatives (n = 47) — are handled using the open-source
software Blender [2], which was used to cut beaks from the skulls as described in the next section.

S2 Mesh processing and feature extraction

To separate the beak from the skull and analyze their morphologies separately, we rotate the
skull to align the forward direction (major axis) along the x−axis and use a perpendicular (to
the x−axis) cutting plane that captures as much of the upper surface of the beak as possible
without including the nares (nostrils), then the beak is rotated so that its major axis is along the
x-axis (shown in orange in Fig. S2A).

Once we have both the raw full skull scans and the raw beaks, we convert each of them into a
smooth and watertight (genus-0) triangulated mesh using the mesh processing method described
in [3,4], which involves a voxelization step using the MATLAB custom function Polygon2Voxel [5]
and the built-in functions alphaShape and boundaryFacets, a hole filling step using a medial
axis approach [6], a smoothing step using the implicit Laplacian smoothing [7] with the cotangent
Laplacian [8], and a repairing step using the Iso2mesh toolbox [9] (see Fig. S2B-C). To improve

1



the approximation accuracy of the watertight mesh, we further align it with the raw mesh using
the Iterative Closest Point (ICP) method [10] and apply an anisotropic rescaling based on the
size of the two meshes along the x, y, z-directions.

Next, we develop an iterative method for extracting optimal centerlines and cross sections
from every watertight beak mesh. We start by finding the intersections between the mesh
and equally spaced vertical planes (with x = constant) using the MATLAB custom function
intersectPlaneSurf [11], which gives a set of vertical cross sections in the form of closed curves.
By computing the centroids of all cross section curves and connecting them, we obtain an initial
centerline (see Fig. S2D, left). Because of the curved geometry of the beaks, the vertical cross
sections and the centerline may not be an optimal representation of the beak shape. Now, we
compute a new set of intersections between the mesh and planes normal to the centerline at
equally spaced points. As the normal direction of the centerline changes with the curvature of
the centerline, the new cross sections represent the beak shape more accurately. We can then
use the centroids of the new cross sections to form an updated centerline curve (see Fig. S2D,
middle). By repeating the above procedure, we obtain an optimal centerline and an optimal set
of cross sections for our analysis (see Fig. S2D, right). Fig. S2E shows 2D views of sampled cross
sections from a V. coccinea sample. We remark that because of the geometry of the cut beak
near the base, the shape of the cross sections produced near the cut may be irregular, thereby
affecting the centerline position in the iterative procedure. To avoid this, a small fraction of
the region near the cut is neglected in the centerline computation as shown in Fig. S2D. More
specifically, we consider varying the fraction (in terms of the x-range from the beak tip to the
cut) to be included in the computation by a step size of 5% until we get a maximal fraction for
which the cross sections can be properly generated. For the 151 specimens considered, the mean
and standard deviation of the fraction used are 79%± 8%.

S3 Parametric morphometrics

In this section, we describe how we extract the parameters that describe the beak shape. By
parametric morphometrics, we mean that the shape is fit using a parameterized family of
functional forms and the resulting parameters give geometrically interpretable measures (such as
curvature) of beak shape.

As described in the main text, we extract the upper beak by finding the points having the
maximum and minimum y-values, which we assume correspond to the tomium edge shown in
Fig. S3. We then align the resulting points to their moment directions by computing the largest
eigendirection of the covariance matrix (major axis) and rotating the mesh around the y-axis
(which is perpendicular to the plane of symmetry of the beak) so that the major axis lies as close
as possible to the x-axis. Once the axes are aligned we fit the resulting points to the form given
in Eq. (2.1) of the main text. Since some meshes have pieces missing near the tip, we allow the
tip position to be inferred using the best value of the following form

zU (x, y) =ztip + aU (x− xtip)− κx (x− xtip)
2 − [κtip − S (x− xtip)] (y − ytip)

2. (S.1)

The dimensions of the beak, denoted as (LB,WB, DB) are found by finding the minimum
bounding box (aligned to the moment directions). Note that the value of nondimensionalized
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parameters, will depend on how much of the beak is included in the cutting procedure and in
normal (to the centerline) cross sections obtained as described in the previous section. When
comparing between beaks it is important to standardize this procedure, which we do as described
at the end of the last section.

S4 Surface-based morphometrics

As described in the main text, we can perform a multidimensional scaling (MDS) analysis by
optimally aligning every pair of beak or skull surface meshes. More specifically, we search for the
optimal transformation among a prescribed class of transformations to minimize the symmetric
Hausdorff distance between the pair of surface meshes. Different classes of transformations can
be considered:

1. Rigid transformations (i.e. a combination of translation and rotation).

2. A combination of translation, rotation and isotropic scaling.

3. A combination of translation, rotation and anisotropic scaling.

4. Affine transformations (i.e. a combination of translation, rotation, scaling, and shear).

In the main text, we presented the MDS analysis based on rigid and affine transformations. In
Fig. S8, we also show the MDS results for the beaks using the two other classes of transformations.
It can be observed that by introducing isotropic rescaling (Fig. S8A), the range of variation
in the morphospace for each group is reduced. Also, the region of morphospace occupied by
Darwin’s finches remains distinct, while the overlap of the regions for the other three groups
becomes more significant, which suggests that part of their shape variation can be explained by
a uniform rescaling. By further allowing the rescaling factors for the three axes to be different
in the alignment transformations (Fig. S8B), we can see that the overlap for the three latter
groups is further increased, which suggests another part of their shape variation is related to
their relative size in different dimensions. Finally, introducing the use of affine transformations
yields a similar result (Fig. S8C), which suggests that shearing is not a significant factor in the
variation of the beak shapes.

Fig. S9 shows the additional MDS results for the full skull shapes. It can be observed that
even after introducing isotropic scaling (Fig. S9A), anisotropic scaling (Fig. S9B) and affine
transformations (Fig. S9C), the overlap between the regions occupied by the different groups
remain significant.

S5 Fitting the parameters of the modified mean curvature flow

We simulate the modified mean curvature flow in two ways. The first uses the level set method
as described in [4,12] and was used to generate the results in Fig. S7. Since this method involves
long computation time and fitting parameters was by trial and error, we employed a faster
method to automatically fit the results of all beaks. We numerically compute the curvature and
normal (after employing a low-pass filter to smooth the data) using a cubic spline with periodic
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boundary conditions, which is provided in the package [13]. Then using this information the cross
section is updated according to the equations of motion (Eq. (4.2) in the main text). To avoid
numerical instabilities as the cross sections shrink to smaller size, the cross section is resampled
(using the cubic spline) to keep the density of points constant and uniform.

By rescaling time to t̃ = t/a and lengths x̃ = x/WC , we obtain

ṽ ≡ ∂tx̃ = −
(
1 +

b

aWc
κ

)
n. (S.2)

Therefore, the evolution of the cross sections is controlled by a single dimensionless parameter.
To find the optimal value of this parameter for each beak, we quantify the fit by comparing
each simulated cross section to the corresponding cross section from the beak using a Hausdorff
distance. The correspondence between simulation time and beak cross section is done relative to
the total length of the centerline, or total time of the simulation, so that t̃/t̃final = xC/LC .
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Figure S1: Dorsal, lateral, and ventral-lateral views of some of the honeycreeper
skulls used in our study. The scale bars represent 1 cm. From top to bottom: Chlorodrepanis
flava (female, catalogue number USNM553201), Telespiza cantans (unknown, catalogue number
USNM498475), Pseudonestor xanthophrys (female, catalogue number USNM642976), and Ves-
tiaria coccinea (male, catalogue number USNM502199).
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Figure S2: Processing the 3D scans and extracting the beak centerline. (A) A projected
view of the skull onto the xz-plane. The skull is aligned (in Blender [2]) so that the x-axis is
aligned as shown and the orange plane represents the cut performed to separate the beak from
the skull. (B) The voxelization and smoothing of a full skull surface. We first apply a voxelization
step to remove the holes in the raw 3D scan, and then apply a smoothing step to improve the
result. (C) The voxelization and smoothing a beak surface. (D) Extracting the cross sections
and centerlines of a beak surface via an iterative algorithm. In each step, we compute the cross
sections and then extract their centroids to form a centerline. We then use a new set of planes
normal to the centerline to compute a new set of cross sections, and repeat the above process to
eventually get an optimal set of cross sections and an optimal centerline. (E) The extracted 5th,
10th, 15th, 20th, 25th cross sections in the result in (D).
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Figure S3: Processing the beak cross sections. (A) The extracted upper beak and tomium
points. (B) Parabolic fit (zT = aTx − κTx

2) of the tomium points, when projected onto the
xz-plane. (C) The beak width given by Eq. (2.3) in the main text and the projection of the
extracted beak tomium onto the xy-plane. (D) Extracted beak centerlines and corresponding
circular fits, which are in very close agreement for almost all specimens.
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Figure S4: Beak fits using the parabolic form (Eq. (2.1) in the main text). The fits are
in reasonable agreement with the blue points that correspond to the upper part of the beak mesh
where the coordinate axes are aligned with the beak moment directions. Due to imperfections in
the scan, L. arctoa exhibits a negative sagittal curvature.
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Figure S5: Beak morphospaces. (A) Plot of the dimensionless sagittal curvature, κ̃tip ≡
W 2

B/DB κtip against the dimensionless sharpening rate, S̃ = LB W 2
B S/DB. The dashed line

represents the relation κ̃tip = 4+ S̃. (B) Plot of the aspect ratio DC/LC against the aspect ratio
WC/2LC . The dashed line corresponds to the relation DC/WC = 0.65 discussed in the main
text. (C) Plot of the curvature κC against the centerline adapted length LC . (D) Plot of the
tomium parameters κT against aT .
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Figure S6: Cross sections change shape along the length of the beak. (A) Plot of
the normalized transverse cross-sectional perimeter P/P̄ as a function of normalized arc-length
s/L, where L is the length of the centerline and P̄ is the perimeter of the basal cross section
(s = 0). The blue curve gives the average over the Honeycreeper specimens, with the standard
deviation indicated by the confidence bands. The dashed black curve gives the fit to the mean
curvature flow [Eq. (4.1) in the main text]. (B) Corresponding plot of normalized area A/Ā
versus normalized arc-length. (C) Plot of normalized roundness, where R ≡ 1− 4πA/P2, and R̄
corresponds to the value at the basal cross section (s = 0). (D) Corresponding plot of normalized
convexity, where C ≡ 1− PC/P and PC is the perimeter of the convex hull of the cross section.

11



Figure S7: Simulation results using the modified mean curvature flow, compared with
extracted normal beak cross sections for (A) V. coccinea and (B) M. parva . For each
species, six cross sections (in red) and the simulation results using the modified mean curvature
flow (blue) are shown.
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Figure S8: Multidimensional scaling (MDS) analysis for the beak shapes. (A) The
result obtained by optimally aligning the beak shapes using a combination of translation, rotation
and isotropic scaling. (B) The result obtained by optimally aligning the beak shapes using a
combination of translation, rotation and anisotropic scaling. (B) The result obtained by optimally
aligning the beak shapes using affine transformations (a combination of translation, rotation,
scaling and shear).

Figure S9: Multidimensional scaling (MDS) analysis for the skull shapes. (A) The
result obtained by optimally aligning the skull shapes using a combination of translation, rotation
and isotropic scaling. (B) The result obtained by optimally aligning the skull shapes using a
combination of translation, rotation and anisotropic scaling. (B) The result obtained by optimally
aligning the skull shapes using affine transformations (a combination of translation, rotation,
scaling and shear).
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