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Abstract. Density-equalizing maps are a class of mapping methods in which the shape deformation is driven
by prescribed density information. In recent years, they have been widely used for data visual-
ization on planar domains and planar parameterization of open surfaces. However, the theory and
computation of density-equalizing maps for closed surfaces are much less explored. In this work, we
develop a novel method for computing spherical density-equalizing maps for genus-0 closed surfaces.
Specifically, we first compute a conformal parameterization of the given genus-0 closed surface onto
the unit sphere. Then we perform density equalization on the spherical domain based on the given
density information to achieve a spherical density-equalizing map. The bijectivity of the mapping is
guaranteed by introducing an overlap correction scheme based on quasi-conformal theory through-
out the density-equalizing iterative process. We further propose a method for incorporating the
harmonic energy and landmark constraints into our formulation to achieve landmark-aligned spher-
ical density-equalizing maps balancing different distortion measures. Using the proposed methods,
a large variety of spherical parameterizations can be achieved. Applications to surface registration,
remeshing, and data visualization are presented to demonstrate the effectiveness of our methods.
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1. Introduction. Surface parameterization is the process of mapping a complicated sur-
face onto a simple standardized domain. For genus-0 closed surfaces, it is common to consider
parameterizing them onto the unit sphere. There has been a vast number of works on the com-
putation of spherical conformal parameterizations [3, 5, 6, 10, 11, 18, 23, 41], which preserve
angles under the mappings. There have also been some works on the computation of spherical
area-preserving parameterization [2, 12, 34, 35, 40, 42]. Some other methods have consid-
ered the problem of achieving a balance between various distortion measures for spherical
parameterization [7, 25, 26, 29, 38, 39].

Density-equalizing maps [15] is a widely used approach for producing cartograms, for
which a planar map is deformed based on the physical principle of density diffusion. Under
a density-equalizing map, regions with a larger prescribed quantity (called the population)
expand and those with a smaller population shrink, so that the area ratio of different regions
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Figure 1. Examples of the spherical density-equalizing maps obtained by our SDEM method.
(Left) The David model and two spherical density-equalizing maps obtained by our SDEM method, with the
nose region enlarged or shrunk based on the prescribed population. (Right) The Chinese Lion model and the
spherical area-preserving parameterization obtained by our SDEM method.

in the resulting deformed map reflects the ratio of the input population. In recent years, this
method has been extensively applied for the visualization of sociological and biological data
[13, 17, 28, 30, 33, 36, 37]. Some recent efforts have been made on improving the computation
of density-equalizing maps on 2D or 3D grids [9, 14, 16, 21, 22]. More recently, several surface
parameterization methods for open surfaces have been proposed using the idea of density-
equalizing maps [4, 8, 27]. However, since genus-0 closed surfaces are topologically equivalent
to the sphere but not the plane, the existing planar mapping formulations are not suitable
for handling such surfaces. While it is possible to use different projection methods to map
planar results onto the sphere, such projections will unavoidably introduce distortions in area
(e.g., the stereographic projection), angle (e.g., the Lambert equal-area projection), or both
(e.g., the Mercator projection), thereby leading to inaccuracies in the final spherical density-
equalizing maps. It is more natural to skip the planar parameterization and directly compute
density-equalizing maps on the sphere. Also, one may want to combine density equalization
and other surface mapping criteria to achieve different desired spherical mapping effects.

In this work, we first develop a novel method for computing bijective spherical density-
equalizing maps (abbreviated as SDEM) for genus-0 closed surfaces (see Figure 1 for examples)
in which the bijectivity of the mappings is ensured by introducing an overlap correction scheme
based on quasi-conformal theory throughout the density-equalizing iterative process. Then
we propose an energy minimization model combining density-equalization, conformality, and
landmark-matching conditions for producing landmark-aligned spherical density-equalizing
maps (abbreviated as LSDEM) that balance between different distortion measures. We apply
our proposed methods for different mapping problems and practical applications to demon-
strate their effectiveness.

The rest of this paper is organized as follows. In section 2, we review the mathematical
background of this work. In section 3, we describe our two proposed methods for spherical
density-equalizing maps and landmark-aligned spherical density-equalizing maps in detail.
In section 4, we present numerical experiments to assess the performance of our proposed
methods. In section 5, we introduce the applications of our methods to surface registration,
surface remeshing, and spherical data visualization. We conclude our work and discuss possible
future directions in section 6.
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2. Mathematical background. In this section, we describe some basic theories of density-
equalizing maps and quasi-conformal geometry.

2.1. Density-equalizing maps. Gastner and Newman [15] proposed a method for com-
puting density-equalizing maps based on the diffusion process. Given a 2D planar domain, a
positive density function p is first defined on every unit area of it. The mapping method aims
to deform the domain according to p to obtain a density-equalizing domain. Moreover, during
the deformation process, the regions with high density will be enlarged and the regions with
low density will be shrunk. The advection equation is given by

dp
2.1 - _Vj
where j = —Vp is the flux by Fick’s law of diffusion. Hence, the diffusion equation can be
obtained by
dp

2.2 — =Ap.

(2.2) 5 = 0P
The expression of the velocity field in terms of density is

Vp
2.3 v=——o1.
(2.3) )

Combining the above formulas, the cumulative displacement r(¢) of any point on the map at
time t can be calculated by integrating the following velocity field:

(2.4) r(t)=r(0)+ /0 v(r,7)dr.

Note that the diffusion flow is always directed from high-density regions to low-density regions.
In the limit ¢ — oo, the density p induced by the above displacement r(¢) will be fully equalized
per unit area. An illustration is given in Figure 2.

The density-equalizing mapping method has been widely applied to cartogram creation
and sociological data visualization. In recent years, Choi and Rycroft (see [4, 8]) proposed

Higher
density >

Density-equalizing map

Figure 2. An illustration of density-equalizing maps. During the diffusion process, the regions with
high density will be enlarged and the regions with low density will be shrunk.
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methods for computing the density-equalizing maps for general simply connected open surfaces
in R3. More recently, Lyu, Choi, and Lui [27] developed a method for computing density-
equalizing quasi-conformal (DEQ) maps to achieve a balance between density equalization
and quasi conformality for simply connected and multiply connected open surfaces.

2.2. Quasi-conformal theory. It is well known that conformal maps preserve angles.
Quasi-conformal maps, as a generalization of conformal maps, relax the condition by al-
lowing angle distortion within certain bounds. Mathematically, a mapping f : C — C is called
a quasi-conformal map if it satisfies the Beltrami equation

of _ . \of
9z () 92
for some complex-valued function p with [|p]jec < 1. p is called the Beltrami coefficient of
f, which measures the conformality distortion of the mapping f. In particular, if p = 0,
then (2.5) becomes the Cauchy—Riemann equation, and hence the mapping f is conformal.
Intuitively, around a point zg € C, the first-order approximation of f can be expressed as

(2.6) f(2) = f(20) + f2(20)(2 = 20) + f2(20)(2 = 20) = [ (20) + f=(20) (2 = 20 + p1(20) (2 = 20))-

The above formula suggests that f maps an infinitesimal circle centered at zg to an in-
finitesimal ellipse centered at f(zp). Additionally, we can determine the angles at which the
magnification and shrinkage are maximized, as well as quantify the degree of magnification
and shrinkage at those angles (see Figure 3). More specifically, the angle of maximal mag-
nification is arg(u(zp))/2 with the magnifying factor |f.(z0)[(1 + |u(z0)|), and the angle of
maximal shrinkage is (arg(u(zo)) + 7)/2 with the shrinking factor |f,(z0)(|1 — |u(20)|). The
maximal dilation of f is K(f) = Ilalleo Thus, the Beltrami coefficient encodes important

1=[lufloo
geometric information about the quasi-conformal map f.

(2.5)

£+ |

TAlCE )
i arg(i;)

~N 2

1+ [l

K =
D= T

Figure 3. An illustration of quasi-conformal maps. Under a quasi-conformal map f, an infinitesimal
circle is mapped to an infinitesimal ellipse with bounded eccentricity. The mazimal magnification, mazimal
shrinkage, and maximal dilation are all related to the Beltrami coefficient p.
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Meanwhile, the Beltrami coefficient is closely related to the bijectivity of the quasi-
conformal map. More specifically, we have the following result [1, 20].

Theorem 2.1. If f is a C' mapping satisfying ||pflleo <1, then f is bijective.
Proof. For a quasi-conformal map f = u + iv, the Jacobian matrix J; is given by
(2.7) Ty = ugvy — vty = |2 P(1— ).

Thus, if ||p]|e <1 and ]%\ #0, then Jy > 0 everywhere. Therefore, f is bijective. [ ]
Moreover, the Beltrami coefficient of a composition of two quasi-conformal maps can be
expressed in the following way. Let f,g:C — C be two quasi-conformal maps with Beltrami
coefficients 1y and g, respectively. The Beltrami coefficient of the composition map go f is
given by
pf + (pg o f)7
(2.8) Hgof = 1+ 77 (11 o f)yr’
where 7 = f,/f.. In particular, if g is a conformal map, then fgof = pf. In other words,
composing a conformal map with a given quasi-conformal map will not change its Beltrami
coefficient. This observation holds significant importance in our proposed algorithms, as
discussed in the following section.

3. Proposed methods. This section presents our main proposed methods in this work.
Below, we first develop a novel algorithm for computing bijective spherical density-equalizing
maps (abbreviated as SDEM) of genus-0 closed surfaces onto a unit sphere. Then we propose
another method for computing bijective landmark-aligned spherical density-equalizing maps
(abbreviated as LSDEM) of genus-0 closed surfaces.

3.1. Bijective spherical density-equalizing map (SDEM). Let M be a genus-0 closed
surface represented as a triangular mesh (V,&,F), where V is the set of all vertices, £ is the
set of all edges, and F is the set of all triangular faces. Our goal is to compute a bijective
spherical density-equalizing map f: M — S? based on a prescribed population encoding the
desired area changes.

3.1.1. Initial spherical parameterization. First, we apply the FLASH method proposed
by Choi, Lam, and Lui [10] to compute an initial spherical conformal parameterization.
FLASH is a north pole-south pole iterative scheme specifically designed to reduce the confor-
mality distortion of the spherical conformal map using quasi-conformal theory. The process
begins by selecting a triangle element from F as the north pole. Next, the method solves
the Laplace equation on a triangular domain on the complex plane C to obtain a confor-
mal map of the input surface with the selected triangle punctured. By employing the inverse
stereographic projection, the planar region can then be mapped onto the sphere S?, and then
the punctured element can be added back to the surface to get a spherical parameterization.
However, the spherical mapping result often exhibits significant angle distortions near the
north pole. To address this issue, the method projects the sphere onto the plane using the
south-pole stereographic projection and composes the map with another quasi-conformal map
to correct the conformality distortion. Finally, the updated map is projected back onto the
sphere to yield the desired spherical conformal parameterization. Readers are referred to [10]
for more details.
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One common issue of global conformal parameterizations is that the area may be largely
distorted. In order to mitigate this problem, an additional step of composing the spherical
conformal parameterization with a Mobius transformation can be introduced, as discussed
in [6]. Specifically, one can start by projecting the afore-mentioned spherical conformal pa-
rameterization result onto C using the stereographic projection and then apply a Méobius
transformation followed by the inverse stereographic projection back onto the sphere. By
finding an optimal Mobius transformation, the area distortion of the spherical parameteriza-
tion can be reduced (see [6] for details). Moreover, as both the stereographic projection and
the Mobius transformations are conformal, the resulting updated spherical parameterization
is also conformal.

We denote the spherical conformal parameterization obtained using the above-mentioned
procedures as fy: M — S2.

3.1.2. Density-equalizing map on the sphere. Let x be a vertex on the sphere S? with
a positive quantity (the population) prescribed at it, giving a density p on S? defined as
population per unit area. Below we describe our proposed method for achieving density-
equalizing maps on the sphere. Note that the density diffusion is a time-dependent process,
and so here we denote the initial position of x as x(0). At time ¢, the updated position of the
vertex is denoted as x(t).

Considering the diffusion of p, we have the following diffusion equation:

dp

(3.1) a1 = 4r,
where A is the Laplace—Beltrami operator. The density gradient induces a velocity field for
the following vertices (Figure 4(a)):

(a) 2
18
16
14

1.2

Figure 4. Density-equalizing map on a sphere. (a) A spherical surface color-coded with a prescribed
density p. The diffusion of p induces a density fluz, thereby giving a velocity field on the sphere, as indicated by
the green arrows. (b) Under the spherical density-equalizing map, the region with a higher density (in yellow)
expands and the region with a lower density (in purple) shrinks.
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(3.2) v(x(t),1) = —m.

Note that the velocity field is determined by the prescribed populations and automatically
lies on the tangent space of the sphere. Now every vertex on the sphere is displaced according
to the following equation:

t
(3.3) x(t) = x(0) + /0 v(x(r), 7)dr

As t — oo, we obtain a spherical density-equalizing map with the final position of all vertices
being x(o0) (Figure 4(b)). However, note that in the discrete case, the velocity field may not
lie on the tangent space of the sphere. Therefore, we need to add a projection step to obtain
a modified velocity field v to ensure all the vertices after deformation are still on the sphere,
which will be discussed below.

In the discrete case, we begin with the initial density p?c = % defined on each
triangle element of the spherical mesh. The diffusion-based deformation is obtained by iter-
atively updating the positions of all vertices {x;(t,)}; at time t = t,,, where i = 1,2,...,|V
and n =0,1,... with a uniform timestep 0t = t,11 —t,. Denote v}; as a |V| x 3 matrix rep-
resenting the velocity field at all vertices {x;(t,)}; at time ¢t =t,,. We also denote p{, and p',
respectively, as a [V| x 1 column vector and a |F| x 1 column vector representing the density
at every vertex or every face at time ¢t =t,. As described in [8], p% and p}; are related by a
simple formula:

(3.4) py =Mp,

where M is a |V| x |F| face-to-vertex conversion matrix with

Dre NF (x;) Area(T)

Area(T;) if T} is incident to x;,

(3.5) Mij = :
0 otherwise.

Here N7 (x;) represents the set of all triangular faces incident to the vertex x;. Alternatively,

one may also directly prescribe a vertex-based density p}; and skip (3.4).

To solve (3.1), we discretize the Laplace-Beltrami operator at time ¢ =t,, as

(3.6) A,=—A'L,,

where A, is a |V| x |V| diagonal matrix (called the lumped mass matrix) with
1

(3.7) (An)ii = 3 Z Area([x;(tn), x;(tn), Xk (tn)]),

[xi,x;,%xKk]ENT (x;)

where [x;,X;,Xx] is a triangle in N7 (x;). In other words, each diagonal entry of A,, is the area
sum of all triangles surrounding a vertex at time ¢ =t,. L, is the |V| X |V| mesh Laplacian
matrix given by the following cotangent formula [32]:

—3(cotay; +cot Bi;)  if [x;,x,] €E,
(3.8) (Lo)ij =4 ~ > (Ln)ik if j =1,

ki
0 otherwise,
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where a;; and f;; are the two angles opposite to the edge [x;,x;] at time ¢ = t,,. Equation
(3.1) can then be expressed as

(3.9) Pyt = (An + 6tLy) " (Anp).

To further explain the above discretization, note that the Laplace—Beltrami operator depends
on the vertex positions on the sphere in the discrete case. As the vertex positions will be
changed throughout the density-equalizing iterative process, the matrices A, and L,, are also
updated based on the deformed triangle mesh to reduce the numerical error.

After solving (3.9), we obtain the velocity field using (3.2). A discretization of the gradient
Vp for every triangular face T' = [x;,x,X)] € F at time t,, is given as follows (see [8] for details):

_ ' (T) x (ph(xi)eje + P (%)) en + Py (xk)ei))

(3.10) V(T) rea( 1) ,

where e;;,eji, ex; are the three directed edges [x;(t,),x;(tn)], [%;(tn), Xk (tn)], [Xk(tn), xi(tn)],
and n’s(T') is the outward unit normal of the triangular face 7. We can then easily convert
V% to Vp}; using the above-mentioned face-to-vertex conversion matrix M:

(3.11) VoY, =MV p'r.
Now (3.2) becomes

Vol (x;
(3.12) V() = — V)

Py (xi)
As mentioned above, the velocity field v{, may not lie exactly on the tangent space of the
sphere due to discretization errors. To ensure that the vertices remain on the sphere under
the diffusion process, we perform a projection of v} as follows:

(3.13) VH(xi) = v (%) — (Vi (%) -y (xi) )y (),

where ny is the outward unit normal at the vertices. We can then update the position of all
vertices x; based on (3.3):

(3.14) Xi(tn—I—l) = Xi(tn) — 0t V@(XZ)

While the projection of the velocity effectively eliminates the normal component, there may
still be small numerical errors that cause x; to move out of the spherical surface. This can
be easily corrected by dividing x; by its Euclidean 2-norm ||x;||2. Finally, as the number of
iterations n increases, the density is equalized over the entire sphere; i.e., all values of py,
converge to their average.

3.1.3. Enforcing the bijectivity of the mapping throughout the iterative process. As
discussed in [27], the bijectivity of the traditional density-equalizing mapping process is not
guaranteed. Specifically, mesh overlaps may occur in the mapping result if the vertex displace-
ment is too large. Analogously, in the spherical density-equalizing mapping process proposed
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in the above section, (3.14) may cause some undesirable mesh overlaps under extremely large
density gradients.

To resolve this issue, we propose an overlap correction scheme as follows. The main idea
behind this scheme, as implied by Theorem 2.1, is to utilize quasi-conformal theory to rectify
the fold-overs caused by the deformation in (3.14). For simplicity, we denote the initial
conformal sphere as S3 and the resulting deformed sphere at the nth iteration as S2. To
correct the overlaps on S2, we first apply the stereographic projection to map both S2 and
S(Q) onto the plane, resulting in two corresponding planar domains referred to as D, and Dy,
respectively.

Note that the stereographic projection requires choosing a specific part of the sphere
as the north pole. While the projection is conformal in theory, the conformality distortion
of the triangle elements under the projection may be affected by the choice of the pole.
Here, to reduce the conformality distortion of the projection, we select the triangle with the
most regular 1-ring neighborhood as the north pole. More specifically, we first define the face
regularity R’ for each triangle face T; as follows:

%

el +eb+el 3

)

(3.15) Rr=>Y"

Jj=1

where e, e}, el represent the length of the three edges of T;. Then the vertex regularity can
be defined by

(3.16) Ry=H"VRr.

Here Ry is a |V| x 1 matrix with the jth entry R{‘) being the vertex regularity of the jth vertex,
R is an | F| x 1 face regularity matrix, and H”V is a |V| x |F| sparse matrix such that

(3.17) 0 otherwise.

Hij;v _ { 3 if Tj contains the ith vertex,
Finally, we determine the 1-ring face regularity R’ for each triangle T; by calculating the
average vertex regularity of the vertices in its 1-ring neighborhood:

—=i 1 -
(3.18) R= > R
X]‘GTi

The most regular 1-ring triangular face is then chosen as the one with the lowest value of R'.
Intuitively, the most regular 1-ring triangular face is a triangle element that is close to an
equilateral triangle, with its neighboring triangles also being close to equilateral. Note that in
theory, the stereographic projection maps geodesics between points on the sphere to circular
arcs on the plane. However, in the discrete case, both the connections between the vertices on
the spherical triangle mesh and the connections between the projected vertices on the plane
are represented by straight line segments, and hence there will be a notable discrepancy for the
triangles near the north pole, which causes numerical errors in the subsequent computation
on the plane. By choosing the most regular 1-ring triangular face above as the north pole
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for the stereographic projection, we can reduce the above-mentioned discrepancy and hence
improve the accuracy of our computation.

After applying the stereographic projection to S(Q) and S? using the above-mentioned ap-
proach, we can compute the Beltrami coefficient u, of the mapping between Dy and D,,.
By Theorem 2.1, the mapping is bijective if and only if the supremum norm of its Beltrami
coefficient is less than 1. Therefore, the presence of mesh fold-overs can be determined by
evaluating the norm of the Beltrami coefficient. In order to correct the overlaps, we introduce
a truncation function I for the following Beltrami coefficient:

Hn if [pn| <1,
3.19 () =
(19 ) {(1—6)% i a2 1,

lpin|

where § is a prescribed truncation parameter. In practice, we set § =0.1. For now, we neglect
the outermost faces and only apply the truncation function to the faces at the central region
of Dy. More specifically, the outermost faces are the triangles most distant from the origin on
the planar domain, which also correspond to the triangles near the north pole of the sphere.
As the geometric distortion of them caused by the stereographic projection is large, we first
keep them fixed and only focus on correcting the mesh overlaps at the inner region of the
planar domain. Denote the truncated Beltrami coefficient by fi,. We can then obtain a new
deforming map g, by applying the following LBS algorithm [24]:

(3'20) 9n :LBS(ﬁn)

with the outermost region fixed. The updated spherical parameterization can be obtained
through the inverse stereographic projection. Note that in some rare cases with a large
number of mesh overlaps, the above truncation procedure may give a highly discontinuous
Beltrami coefficient and hence still lead to a nonbijective reconstructed map. In such cases,
one may halve the step size in (3.14) and repeat the above correction procedure.

Now note that the faces near the north pole were neglected in the above procedure. To also
address potential overlaps of those faces, we project the updated spherical parameterization
onto the complex plane using the south-pole stereographic projection. Then we can repeat the
above procedure to correct the mesh overlaps using the Beltrami coefficient and finally obtain
a bijective spherical parameterization using the inverse south-pole stereographic projection.

To further justify the bijectivity of the mapping under the above north pole—south pole
overlap correction scheme, note that after applying the truncation function I and the LBS
algorithm at the north-pole step, we obtain the updated map g, with the Beltrami coefficient
fin. The Jacobian matrix of g, is given by

(3.21) Tg. =1 @), [2 (1= [7n]?)

Since the truncation function ensures that ||fin||c < 1, the Jacobian matrix is positive. Conse-
quently, the updated deforming map g,, contains no local mesh fold-overs at the inner region
of the planar domain. Since the inverse stereographic projection is a diffeomorphism, there
are no local mesh fold-overs at the southern region of the sphere after we map the planar
result back to the sphere.
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Similarly, after applying the south-pole stereographic projection and repeating the above
process to truncate the Beltrami coefficient for the new inner region, the Jacobian of the
resulting planar mapping is positive. Therefore, there are no mesh fold-overs at the inner
region. Finally, by applying the inverse south-pole stereographic projection, the planar domain
is mapped to the sphere again, and we can ensure that the northern region of the sphere, which
corresponds to the above-mentioned inner region on the plane, does not contain mesh fold-
overs. In other words, we conclude that the entire spherical mapping is folding-free.

By including this north pole—south pole overlap correction scheme at each iteration of the
spherical density-equalizing mapping process, we can ensure that the bijectivity is preserved
throughout the iterative process.

3.1.4. Recoupling the deformation and density throughout the iterative process. Re-
call that the proposed spherical density-equalizing mapping method uses density diffusion
to produce shape deformations on the sphere. In particular, the density values and density
gradients are converted between vertices and faces as described in (3.4) and (3.11) at each
iteration, and the vertex positions are updated accordingly. However, in the discrete case,
such a conversion may result in a smoothing effect, and hence numerical inaccuracies in the
density may accumulate throughout the iterative process. Also, the vertex positions may be
changed under the overlap correction scheme. Consequently, the shape deformation at each
iteration may not perfectly correspond to the actual density flow. To address this issue, we
propose an additional step that recouples the deformation and the density at the end of each
iteration.

Specifically, at the end of the nth iteration, instead of directly passing the updated density
obtained from (3.9) to the next iteration, we redefine the density on each triangular face
T = [x;,x;j,Xy| € F using the updated map x(t,+1) as follows:

Population
3.22 FT) = '
( ) Pr (T) Area([Xi(tn+1),Xj(tn+1),xk<tn+l)])

After getting the new density p}“, we can update n =n+ 1 and proceed to (3.4) for the next
iteration. In other words, instead of solving one single density diffusion equation over time
and obtaining the shape deformation at every iteration based on it, we solve a new density
diffusion equation at every iteration with both the density and the Laplace—Beltrami operator
obtained based on the current mapping result and use the computed density gradient for one
iteration only. With this additional recoupling step, the accuracy of the final mapping result
can be improved.

3.1.5. Summary. Putting together the initial spherical conformal parameterization
(section 3.1.1) and the iterative scheme for density equalization on the sphere (section 3.1.2)
with the overlap correction scheme (section 3.1.3) and the recoupling scheme (section 3.1.4),
we have the proposed SDEM algorithm for computing spherical density-equalizing maps. Fol-
lowing [8], we define the stopping criterion for the iterative scheme as % < €, where € is
a stopping parameter. The algorithm is summarized in Algorithm 3.1. In practice, the time
step size is set to be ¢t = 0.1, the stopping parameter is set to be e = 1072, and the maximum

number of iterations is nmax = 200.
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Algorithm 3.1 Bijective spherical density-equalizing map (SDEM).

Input: A genus-0 closed surface M, a prescribed population, an initial spherical conformal
parameterization fy: M — S?, the stopping parameter ¢, and the maximum number of
iterations allowed 7nmax.

Output: A spherical density-equalizing map f: M — S2.

1: Compute the initial density pof on fo(M) based on the prescribed population;

2: Set n=0;

3: Let x;(0) = fo(v;) for every vertex v; € V;

4: repeat

5:  Compute A,, and L,, using (3.7) and (3.8);

6: Obtain p@“ by solving the diffusion equation (3.9);

7:  Compute the velocity field V$+1 using (3.12);

8:  Compute the projected velocity field V@H using (3.13);

9:  Update the position of all x;(t,+1) using (3.14);
10:  Apply the overlap correction scheme in section 3.1.3 to further update x;(t,+1);
11:  Apply the recoupling scheme in section 3.1.4 to update ,a"];r1 using (3.22);
12: Update n=n+1;
13: until % < € OT N> Nmax
14: The resulting spherical density-equalizing map is given by f(v;) =x;(t,) for all i;

3.2. Bijective landmark-aligned spherical density-equalizing map (LSDEM). In [27],
it was shown that the planar density-equalizing mapping process can be reformulated as an
energy minimization problem. Analogously, as the goal of our spherical density-equalizing
mapping method is to transform the density gradient into shape deformations, the following
energy is minimized throughout the mapping process:

(3.23) ESDEM:/||Vp||2.

More specifically, as our SDEM algorithm involves vertex position update, overlap correction,
and the recoupling scheme at every iteration, each step can be considered as a change based
on the descent direction of Fspmry defined using the current vertex positions and the current
density.

Moreover, it is worth noting that several prior works on spherical parameterization were
also based on energy minimization. For instance, in [18], an iterative algorithm for computing
spherical harmonic maps was developed by minimizing the following harmonic energy:

(324) EHarmonic = / vaHQ .

As harmonic maps between genus-0 closed surfaces are conformal, minimizing Firarmonic gives
a spherical conformal parameterization. Another iterative algorithm was proposed by Lui
et al. [25] to achieve optimized landmark-aligned spherical parameterizations. More specifi-
cally, an additional landmark mismatch energy was incorporated into their algorithm:
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(3.25) Etandmark = / ”f(pl) - QiH27

where {p;}¥_, +> {q;}%_, are two sets of prescribed corresponding landmarks to be matched,
with &k being the total number of landmarks.

Motivated by the above approaches, here we aim to compute a bijective landmark-aligned
spherical density-equalizing map (abbreviated as LSDEM) balancing density equalization,
conformality, and landmark-matching conditions. This is achieved by minimizing the following
proposed combined energy:

=a Esprm + ﬁ EHarmonic 7 FLandmark

3.26
(3:26) —a/uwu w8 [ 1917+ [ 1560 —al”

where «, 3, are three nonnegative weighting parameters. Here, for the landmark-matching
term y [ || f(pi) — ¢i|?, note that since all geodesic curves between points on the sphere S2 move
along the great circle, the geodesic distance between two points decreases with their Euclidean
distance. Therefore, we can simply use the standard Euclidean metric for the landmark-
matching term to simplify our computation.

3.2.1. Descent direction for minimizing the proposed combined energy. To compute
the landmark-aligned spherical density-equalizing map, we need to find a suitable descent
direction to minimize the proposed combined energy in (3.26). In the following, we denote
Ey = af|Vpl?, B2 = B[IVfI? Es =~ [|f(p:) — al* for simplicity and determine the
descent direction of them one by one.

We first consider the descent direction of By =« [ IVp||?. As explained in section 3.1, the
velocity field induced by the density is given by v = —%. In order to maintain the deformed
shape as a sphere, we remove the normal component v+ = (v - n)n of the velocity v. The
descent direction can then be defined using the following tangential velocity:

(3.27) dE; =a(v —v?h).

We remark that in this minimization problem for F;, we do not employ the usual variational
method. This is because the descent direction obtained through the variational method can
potentially lead to a local minimum. By contrast, the velocity field we use is based on Fick’s
law of diffusion and can achieve the density-equalizing result, which corresponds to the global
minimum of Ej.

For the second term E, = 3 [ ||V f |?, the Euler-Lagrange equation can be derived as
follows:

d d
i t:OE2(f+tg):5/dt

IV(f +tg)lI”
t=0
(3.28) —23 / VIV
— 25 / Afg.
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Note that the derivative in the above formula is negative when g = SAf. To ensure that the
deformed map remains a sphere, we again remove the normal component At f = (Af-n)n of
Af and only use its tangential component Af =Af — AL f. Now F5 achieves its minimum if
and only if the tangential component Af vanishes, i.e., Af = AL f. Therefore, we define

(3.29) dE> = BAf.

For the landmark mismatch energy Es =~ [ || f(pi) — ¢ |2, we compute its Euler-Lagrange
equation:

d

7t 1 () + ta(pi) — ail?

d
Es(f+tg)=7/ 7
t=0

o, / (F(0s) — a:)9(po).

(3.30) =0

Similar to the above, we remove the normal component of %‘ o E3(f +tg). The descent
direction of E3 can be expressed as follows:

A fpi) — @) ifp=pi, i=1,2,... k,
(3.31) dEs(p) = { 0 otherwise.

Combining the above formulas, the descent direction for F is
(3.32) dE =dFE + dE> + dE3.
Hence, we can minimize the combined energy (3.26) by the following iterative scheme:

(3.33) fnt1= fn+ 0t dE™,

where 0t is the time step size, f, is the map at the nth iteration, and dE™ is the descent
direction for E at the nth iteration.

3.2.2. Optimal rotation for further reducing the energy. While the iterative scheme
described above can effectively reduce the proposed combined energy at every step, it is
important to note that in practice, a large landmark mismatch can potentially result in mesh
fold-overs during the deformation process. Specifically, a large landmark mismatch gives a
large dFE3, and hence a large dFE, which may subsequently lead to undesirable overlaps or
intersections in the mesh and require extra effort to correct. Here we introduce an extra step
of optimal rotation to further reduce the landmark mismatch energy throughout the iterative
process, thereby enhancing the overall quality of the mapping.

First, we establish the following result.

Theorem 3.1. The energies Egarmonic and Espgy are rotation invariant.

Proof. The result follows from the fact that rotation is a metric-preserving rigid motion
on the sphere. |
By Theorem 3.1, the first two terms in the proposed combined energy E in (3.26) are
invariant under rotations. This allows us to consider finding an optimal rotation of the sphere
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to reduce the landmark mismatch energy E3 without affecting the two other energy terms in
the combined energy F.

More specifically, let { fn(pz) 1 be the current positions of the landmark vertices at the
nth iteration of the iterative scheme and let {qz} ", be their target positions on the sphere. We
consider three rotation matrices RR., Ry, R. about the x-axis, y-axis, and z-axis, respectively:

1 0 0 cosyy 0 siny
(3.34) Re(¢)=[0 cos¢p —sing |, Ry()=( 0 1 0 |,
0 sin¢g cos¢ —siny 0 cosy

cosf) —sinf 0
R,(0)=|sinf cosf 0],
0 0 1

where ¢, 1,0 are the rotation angles. We can then search for the optimal rotation angles that
minimize the following landmark mismatch error:

(3.35) L(¢,9,0) Z IRo () Ry () R (0) fu(pi) — aill® -

Specifically, it is easy to see that

oL i OR

(3.36) % = 2; <Ra;Rszfn(pi) — i, 96 R R fn(pz)> )
oL k OR

(3‘37) @ - ;<R R R fn(pz) QiaRz 8wszfn(pi)>a
oL F OR,

(3.38) i Z<R Ry R fu(pi) = ais Re Ry =55 fn (p¢)>7

=1

and so one can easily obtain the optimal rotation angles (¢*,1*,0*) using gradient descent.
By applying the three optimal rotations R.(¢*), R,(¥*), R.(#*) on the mapping f,, the
landmark mismatch energy FEijanamark Of the updated spherical mapping ﬁl will be less than
or equal to that of f,, (see Figure 5 for an illustration). Moreover, since the two energies
Fltarmonic and Espry are unchanged under the rotation as proved in Theorem 3.1, it follows
that the combined energy E of ﬁ is also less than or equal to that of f,. In other words,
this extra optimal rotation step can help us further reduce the landmark mismatch before
performing the descent step. We can then replace f, in section 3.2.1 with ﬁl and proceed
with the descent step to obtain fj, 1.

3.2.3. Summary. Analogous to the SDEM algorithm, here in the proposed LSDEM algo-
rithm, we start by computing an initial spherical conformal parameterization (section 3.1.1),
from which we can get the initial density and the initial combined energy. Then we deform
the initial spherical mapping using an iterative process consisting of both the optimal rotation
step (section 3.2.2) and the descent step (section 3.2.1) for minimizing the combined energy.
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Figure 5. An illustration of the optimal rotation step in the proposed LSDEM algorithm. (a)
A spherical mapping with the landmarks (red) and their target positions (blue). (b) The optimal rotation result,
in which the landmark mismatch is reduced.

Algorithm 3.2 Landmark-aligned bijective spherical density-equalizing map (LSDEM).

Input: A genus-0 closed surface M, a prescribed population, an initial spherical conformal
parameterization fo: M — S?, the landmarks {p,...,pr} C M and target positions
{q1,...,qx} CS?, the stopping parameter ¢, and the maximum number of iterations
allowed nmax-

Output: A landmark-aligned spherical density-equalizing map f: M — S2.

1: Compute the initial density p(])_- on fop(M) based on the prescribed population;
2: Set n=0;
3: repeat

4:  Compute an optimal rotation of f,, as described in section 3.2.2 and obtain ﬁz;

5. Compute the descent direction dE™ by (3.32) and update fyi1 = fn + 6t dE™;

6:  Apply the overlap correction scheme in section 3.1.3 to further update fy,41;

7:  Apply the recoupling scheme in section 3.1.4 to update p?ﬂ using (3.22);

8: Update n=n+1;

9: until ||f, — fn—1]| <€ 0r n > nmax

10: The resulting landmark-aligned spherical density-equalizing map is given by f = fy;

The previously mentioned overlap correction scheme (section 3.1.3) and the recoupling scheme
(section 3.1.4) are also included in the iterative process. We stop the iterations when the map-
ping result stabilizes: ||f, — fn—1|| <€, where € is the stopping parameter. Ultimately, f = f,
is the desired landmark-aligned bijective spherical density-equalizing map.

The proposed LSDEM method is summarized in Algorithm 3.2. In practice, the time step
size is set to be 0t = 0.01, the stopping parameter is set to be € = 1072, and the maximum
number of iterations is nmax = 200.

We remark that by changing the values of the parameters «, 3, v in the combined energy
E, we can achieve different desired mapping effects in the LSDEM result. Specifically, by
using a larger value of o, we can achieve a more density-equalizing result. By increasing the
value of 8, we can reduce the angle distortion in the mapping result. Last, by increasing the
value of =, we can reduce the landmark mismatch in the mapping result.
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4. Experiments. In this section, we present experimental results to demonstrate the ef-
fectiveness of our proposed SDEM and LSDEM algorithms. The algorithms are implemented
using MATLAB R2021a on the Windows platform. All experiments are conducted on a com-
puter with an Intel(R) Core(TM) i9-12900 2.40 GHz processor and 32 GB memory. The
surface meshes are from online mesh repositories [19]. All surfaces are discretized in the form
of triangular meshes.

4.1. Spherical density-equalizing map. We start by considering some examples of map-
ping a spherical surface using the proposed SDEM method. In the example shown in Fig-
ure 6(a), we define different populations at different regions on the sphere to give a continuous
initial density, with the maximum density and minimum density different by 10 times. We
then apply the proposed method and obtain the spherical density-equalizing mapping result
as shown in the figure, in which the high-density region is enlarged significantly and the low-
density region is shrunk. By considering the initial and final density histograms, we can see
that the density is effectively equalized using our method.

We then consider a more complicated spherical example involving multiple regions with
discontinuous densities (Figure 6(b)). In particular, we define different populations on the
sphere such that the initial density of all the triangular regions is three times the density of
all the pentagonal regions. It can be observed that all the triangular regions expand and all
the pentagonal regions shrink under the spherical density-equalizing map. We can also see
from the initial and final density histograms that the density is effectively equalized using our
method.

Number of faces
8
8
Number of faces
N
8
8

: 16000, 16000,
<28
14000 14000,
26
12000 12000
P
8
8 10000 10000
S
g 8000 8000
E
5
Z 6000 6000
4000 4000
2000/ 2000/

Figure 6. Spherical density-equalizing maps of spherical surfaces. Fach row shows one example.
(a) An example with continuous input density. (b) An example with discontinuous input density. Left to right:
the initial spherical surface color-coded with the initial density, the final SDEM result color-coded with the initial
density, the histogram of the initial density, and the histogram of the final density.
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Figure 7. Alternative visualization of the spherical density-equalizing maps. (a) The example in
Figure 6(a) with continuous input density and the SDEM mapping result color-coded with the final density. (b)
The example in Figure 6(b) with discontinuous input density and the SDEM mapping result color-coded with
the final density.

We remark that the mapping results in Figure 6 are color-coded with the initial density
such that the deformations of different regions corresponding to different initial density values
can be easily visualized. In Figure 7, we provide an alternative visualization of the mapping
results color-coded with the final density, from which we can see that the final density is
effectively equalized over the entire domain. In particular, for the continuous input density
example in Figure 7(a), the final density becomes uniform in both the magnified and the
shrunk regions. For the discontinuous input density example in Figure 7(b), the final density
also becomes highly uniform everywhere except for the interface between different density
regions, which can be explained by the fact that the diffusion equation assumes the density
to be differentiable while the input density here is discontinuous.

Also, recall that we set the stopping parameter in Algorithm 3.1 as e = 1072 in practice.
To further study the convergence behavior of our proposed SDEM method, in Figure 8 we
show the change in the density error throughout the iterative process and plot the density
histograms of the mapping right after reaching ¢ = 10~!, 1072, 1073, 1074, and 107°. It
can be observed that the result stabilizes rapidly, and further running the iterations will only
improve the result marginally. Therefore, we set the stopping parameter as e = 1073 to balance
between accuracy and efficiency in practice.

Next, we consider computing spherical density-equalizing maps for general genus-0 sur-
faces. In Figure 9(a), we consider mapping the Duck model with the head part of it enlarged.
As shown in the figure, we can apply our proposed SDEM method and compute a spherical
density-equalizing map with the desired effect. The histograms show that the density is ef-
fectively equalized. Similarly, as shown in Figure 9(b), we can effectively magnify and shrink
different parts in the mapping result of the David model. In particular, one of its eyes is
enlarged significantly while the other one is shrunk.

For a more quantitative analysis of our proposed SDEM method, in Table 1 we record
computational time, variance of the initial density, variance of the final density, and number
of overlaps for mapping different surface models. It can be observed that under our SDEM
algorithm, the variance in the density can be significantly reduced. Also, from the number of
overlaps, we can see that the mappings are all bijective. As for the computational time, we
can see that our algorithm is highly efficient and only takes a few seconds for all examples.
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Figure 8. The change in the density error throughout the iterative process in the proposed
SDEM method. Here we run the proposed method on the example in Figure 6(a) and record the change in
the density error. The insets show the density histograms of the mapping right after reaching e = 1071, 1072,
1073, 1074, and 1075, respectively.
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Figure 9. Spherical density-equalizing maps of genus-0 closed surfaces.
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example. (a) The Duck model. (b) The David model. Left to right: the input surface mesh color-coded with the
initial density, the spherical conformal parameterization color-coded with the initial density, the final SDEM
result color-coded with the initial density, the histogram of the initial density, and the histogram of the final

density.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/18/24 to 137.189.49.29 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

SPHERICAL DENSITY-EQUALIZING MAP 2129

Table 1
The performance of our SDEM algorithm. For each surface, we record the number of triangle
elements, the computational time, the variance of the normalized initial density p1 = Wll(pl), the normalized
final density p2 = m, where p1 is the initial vertex density and p2 is the final vertex density, and the
number of overlaps.

Surface # Faces Time (s) Var(pi1) Var(pz) # Overlaps
Sphere 1 (Figure 6(a)) 5120 0.4471 0.3236 < 0.0001 0
Sphere 2 (Figure 6(b)) 20480 0.2443 0.2935 0.0015 0
Duck (Figure 9(a)) 20000 1.4416 03294 < 0.0001 0
David (Figure 1, enlarge) 21338 1.4281 0.6099 < 0.0001 0
David (Figure 1, shrink) 21338 1.4295 0.6004 < 0.0001 0
David (Figure 9(b), mixed) 21338 1.4267 0.5949 < 0.0001 0

Note that by setting the population as the face area of the input mesh and applying the
SDEM method, we can achieve a spherical area-preserving parameterization. To illustrate
this, we consider several genus-0 closed surfaces as shown in Figure 10. For each surface, we
first parameterize it onto the sphere using the spherical conformal parameterization. Then
we apply the SDEM method to obtain an area-preserving parameterization. To assess the
area-preserving quality of the spherical parameterizations, we can evaluate the area distortion
by considering the logged area ratio for every triangular face T

(4.1) darea(f)(T') =log (Arejififﬁif %;ei ﬁi?% ))> ’

where f is the spherical parameterization and F is the set of all triangular faces. Note that the
two factors in the numerator and denominator are used for normalization so that a perfectly
area-preserving parameterization would yield daen = 0. From the results in Figure 10, it
can be observed that our SDEM method can handle different genus-0 closed surfaces with
highly complex geometry very well. Specifically, the initial area distortion histograms in
Figure 10 show that the area distortion is very large in the initial conformal parameterization
for all examples. By contrast, the final area distortion histograms are all highly concentrated,
which indicates that the final mappings are highly area-preserving. For a more quantitative
comparison, Table 2 records the computational time, the initial and final area distortions,
and the number of overlaps for different surfaces. In particular, it can be observed that our
SDEM algorithm effectively reduces the area distortion by over 90% in all experiments while
maintaining the bijectivity of the mappings. This shows that our algorithm is capable of
computing the spherical area-preserving parameterization for a wide range of genus-0 closed
surfaces.

Recall that we have introduced an overlap correction scheme in our proposed SDEM
method to enforce the bijectivity of the mapping throughout the density-equalizing iterative
process. It is natural to ask how important this additional step is to the final density-equalizing
mapping results. In Figure 11, we compare the mapping results obtained using our SDEM
method and SDEM without including the overlap correction scheme. It can be observed that
there are multiple overlaps in the mapping results obtained by SDEM without the overlap
correction scheme, especially at the regions corresponding to certain sharp features in the input
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Figure 10. Spherical area-preserving parameterization of genus-0 closed surfaces obtained by
the SDEM method. Fach row shows one example. (a) The Igea model. (b) The Maz Planck model. (c) A
twisted ball. (d) A brain cortical surface. Left to right: the input surface mesh, the initial spherical conformal
parameterization, the final SDEM result, the histogram of the logged area ratio durea of the initial spherical
parameterization, and the histogram of the logged area ratio darea of the final spherical parameterization. The
surfaces in (d) are color-coded with the brain surface curvature for better visualization.

surface. By contrast, the mapping results obtained using SDEM with the overlap correction
scheme are bijective. This demonstrates the significance of the overlap correction scheme in
our proposed method for ensuring the bijectivity of the spherical density-equalizing mapping
results.

4.2. Landmark-aligned spherical density-equalizing map. After demonstrating the effec-
tiveness of our proposed SDEM method, we consider our proposed LSDEM method.
Figure 12(a)—(b) shows two examples of mapping a spherical surface with landmark constraints
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Table 2
The performance of our SDEM algorithm for spherical area-preserving parameterization.
For each surface, we record the number of triangle elements, the computational time, the mean and standard
deviations of the initial area distortion |dure(fo)| and the final area distortion |dure(f)|, and the number of
overlaps.

Idarea(fo)l |darea(f)|
Surface # Faces Time (s) Mean SD Mean SD  # Overlaps

Chinese Lion (Figure 1) 10000 6.2777  1.6837 1.6941 0.1199 0.1786 0
Igea (Figure 10(a)) 20000 1.1320  0.3668 0.3163 0.0146 0.0183 0
Max Planck (Figure 10(b)) 18000 1.0756  0.5619 0.6252 0.0296 0.0411 0
Twisted Ball (Figure 10(c)) 38620 1.5043  0.6240 0.7174 0.0210 0.0294 0
Brain (Figure 10(d)) 25000 4.5765  0.7514 0.6222 0.0698 0.1414 0
Frog (Figure 15) 20000 2.9655  0.9056 1.3382 0.0460 0.0822 0

Input surface SDEM result SDEM without the overlap correction scheme

P
A
}!’
2
2

L

S
;i;f%
gz;f%

Figure 11. Comparison between the proposed SDEM method and SDEM without the overlap
correction scheme. FEach row shows one set of examples. (Left) The input surface. (Middle) The spherical
density-equalizing mapping result obtained by our proposed SDEM method. (Right) The mapping result obtained
by running the SDEM method for the same number of iterations but with the overlap correction scheme excluded.
The zoom-in highlights the difference between the results.

using the proposed LSDEM method, and Figure 12(c)—(e) shows several examples of mapping
general genus-0 closed surfaces with prescribed landmark constraints. It can be observed in
all examples that by using the proposed LSDEM method, we can obtain spherical mapping
results with different regions enlarged or shrunk suitably and with all landmarks being well
aligned.

To analyze the performance of our LSDEM algorithm more quantitatively, Table 3 shows
the computational time, the variance of the initial density and final density, the norm of the
Beltrami coefficient, the initial and final landmark mismatch error, and the number of overlaps
for mapping different surfaces. Note that because of the additional landmark constraints in
the LSDEM problem formulation, it is expected that the density-equalizing effect will not be
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Figure 12. Landmark-aligned spherical density-equalizing maps of genus-0 closed surfaces. (a)-
(b) Two examples of mapping a spherical surface with different prescribed populations and landmark constraints.
In each example, the left panel shows the initial spherical surface color-coded with the initial density together
with the labeled landmarks (red dots) and the prescribed target positions (blue dots), and the right panel shows
the final LSDEM result. (c)—(e) Examples of mapping general genus-0 closed surfaces. Left to right: the input
genus-0 surface color-coded with the surface mean curvature and the labeled landmarks (red dots), the initial
spherical conformal parameterization together with the labeled landmarks (red dots) and the prescribed target
positions (blue dots), and the final LSDEM result. In all examples, the parameters in the energy (3.26) are set

as (a, 8,7) = (1,2,5).

as good as the one achieved by SDEM. Nevertheless, we can see in all experimental results
that the variance of the density is significantly reduced under the LSDEM algorithm, which
indicates that the mappings are close to density-equalizing. We also see that the landmark
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Table 3
The performance of our LSDEM algorithm. For each surface, we record the number of triangle
elements, the computational time, the variance of the normalized initial density p1 = Wj(m) and the normalized
final density p2 = W"}pz), where p1 is the initial vertexr density and p2 is the final vertex density, the mean of
the norm of the Beltrami coefficient |u|, the 2-norm of the landmark error in the initial map LE;, the 2-norm
of the landmark error in the final result LEo, and the number of overlaps. In all examples, the parameters in

the energy (3.26) are set as (a, B,7v) =(1,2,5).

Surface # Faces Time (s) Var(pi) Var(pz) Mean(|u|) LE; LE; # Overlaps
Sphere 1 5120 1.6780 0.1857 0.0077 0.0788 2.7450 0.0897 0
(Figure 12(a))
Sphere 2 5120 1.2989 0.0873 0.0013 0.0479 15.9647 0.2501 0
(Figure 12(b))
David 21338 13.1052 0.5962 0.0118 0.1470 0.9222  0.0405 0
(Figure 12(c))
Frog 20000 10.8065 26.6130 0.6132 0.1411 0.2913  0.0459 0
(Figure 12(d))
Brain 25000 16.5567 1.4136 0.6063 0.0876 3.9402 0.0188 0

(Figure 12(e))

Table 4
The performance of our LSDEM algorithm with different parameters. Here «o,(3,v are the
parameters in the energy (3.26). See the caption of Table 3 for the description of the other columns.

«a Jé] ¥ Var(pz2) Mean(|u|) LE; # Overlaps
1 0.0027 0.1687 0.2412 0
3 1 1 0.0009 0.1720 0.3006 0
5 0.0004 0.1697 0.2292 0
0.0027 0.1687 0.2412 0
1 3 1 0.0159 0.1468 0.1670 0
0.0573 0.1195 0.2576 0
1 0.0027 0.1687 0.2412 0
1 1 3 0.0024 0.1690 0.1939 0
0.0064 0.1527 0.0714 0

mismatch error is very small and the quasi-conformal distortion is low in all examples. More-
over, the number of overlaps is again 0 in all experiments, which indicates that our LSDEM
results are all bijective.

It is natural to ask how the choices of the parameters «, 3,7 in the energy (3.26) will
affect the mapping results in the proposed LSDEM algorithm. Here we consider mapping
the David model with different values of «, 3,7y used and analyzing the mapping results in
terms of the density-equalizing effect, quasi-conformal distortion, landmark mismatch error,
and bijectivity. As shown in Table 4, if we increase the value of o while keeping 5 and ~ fixed,
we will be able to reduce the variance of the final density. In other words, we will achieve
a better density-equalizing effect. By contrast, if we increase the value of 5 while keeping
« and ~ fixed, the quasi-conformal distortion will be reduced. If we increase the value of
while keeping « and 8 unchanged, we will achieve a lower landmark mismatch error. It is
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noteworthy that the mapping results contain no overlaps for all combinations of «, 3,7, which
indicates that the bijectivity of the mappings is ensured under our LSDEM method.

5. Applications. In this section, we introduce the applications of our proposed SDEM and
LSDEM methods for surface registration, surface remeshing, and spherical data visualization.

5.1. Surface registration. Suppose M, N are two genus-0 closed surfaces with some
corresponding features {p;}¥_; <> {¢;}*_,. Using the proposed LSDEM method, we can find
two spherical parameterizations f : M — S? and g : N'— S? with the landmarks well aligned
(i.e., f(pi) = g(q) for all i =1,2,...,k). Then we can use the inverse mapping to build a
1-1 correspondence between M and N. More explicitly, the composition g1 o f: M — N
will be a landmark-aligned mapping between the two surfaces. Figure 13 shows an example
of registering the Igea model and the Max Planck model, in which we use the eyes and noses
as landmarks for computing the landmark-aligned spherical parameterizations. We can then
obtain the registration mapping from Igea onto Max Planck, with the eyes and noses well
matched in the registration result.

Figure 13. Surface registration via our proposed LSDEM method. We first label some consistent
features on both the Igea model and the Max Planck model as landmarks. Then we compute a landmark-aligned
spherical density-equalizing map for each model, with the two sets of landmarks mapped to consistent locations
on the unit sphere. We can then use the spherical parameterization to register the Igea model with the Max
Planck surface, with the eyes and noses well aligned.
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5.2. Surface remeshing. Using the proposed SDEM method, we can perform surface
remeshing for genus-0 closed surfaces easily. More specifically, given a genus-0 closed surface
M to be remeshed, we can first compute a spherical density-equalizing map f : M — S2.
Then we can generate a uniform mesh on the sphere using DistMesh [31]. Using the inverse
mapping f~!, we can then map the uniform mesh structure on the sphere back onto the given
surface M, which gives a remeshed surface.

In particular, by computing an area-preserving parameterization using SDEM, we can
ensure that the mesh density will be largely uniform in the surface remeshing result. Figure 14
shows several examples of remeshing the Max Planck model with different numbers of vertices.
It can be observed that the mesh quality of the remeshed surfaces is very high, with the
triangle elements being uniform in size and distribution. In Figure 15, we further compare
our remeshing result with the remeshing result obtained using conformal parameterization
[6, 10]. Tt can be observed that the triangle elements on the remeshed surface obtained via

Original Remeshed Remeshed Remeshed
(#V =9K) (#V =4K) (#V = 9K) (#V = 21K)

Figure 14. Surface remeshing via our proposed SDEM method. The first column shows the front
view and side view of the original Max Planck model. The second, third, and fourth columns show the front
view and side view of three remeshed surfaces with different numbers of vertices obtained via SDFEM.
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(@ (b) (©)

Figure 15. A comparison between our SDEM method and conformal parameterization for
surface remeshing. (a) The original Frog model. (b) A remeshed surface obtained via spherical area-preserving
parameterization by SDEM. (c) A remeshed surface obtained via spherical conformal parameterization [6, 10].
The two remeshed surfaces contain the same number of vertices and faces.

our method are much more uniform than those obtained via conformal parameterization,
which can be explained by the fact that the conformal parameterizations preserve angles but
may yield a large distortion in area. Moreover, the sharp features such as the head and the
feet of the Frog model are much more well preserved under our approach. This shows that
our method is more advantageous for surface remeshing.

One can also control the mesh density at a certain region by setting an appropriate pop-
ulation in the computation of SDEM. Specifically, if a higher mesh density is desired at a
certain region, we can set a larger population and run the SDEM algorithm. Then the region
will be enlarged in the resulting spherical parameterization. Consequently, if we generate
a uniform mesh on the sphere using DistMesh and map the new mesh structure back onto
the given surface, the mesh density at the corresponding region on the given surface will be
higher than the other regions. As an example, Figure 16(a) shows a remeshed surface of
the Buddha model obtained by computing a spherical area-preserving parameterization using
SDEM, in which we can see that the triangle elements are uniform in size and distribution.
By contrast, Figure 16(b) shows another remeshed surface obtained by computing a spherical
density-equalizing map with a larger population set at the head region in the SDEM compu-
tation. It can be observed that since the head region is enlarged in the resulting spherical
parameterization, the mesh density at the head region of the new mesh structure induced by
the inverse mapping will be naturally higher than that at other parts of the remeshed surface.

5.3. Spherical data visualization. Analogous to the traditional DEM method [15], the
SDEM method can be applied for visualizing sociological data on a spherical domain (see
Figure 17 for an illustration). Specifically, given a spherical earth model, we can set the
initial density on the underlying spherical triangle mesh based on certain sociological data
and compute a spherical density-equalizing map. Then we can use the density-equalizing
mapping result to obtain a deformed earth model, which provides us with an intuitive way
to visualize, understand, and analyze the data. Moreover, as the mappings produced by the
SDEM method are bijective, no regions will be overlapping in the deformed models.

As an example, in Figure 18 we compute three spherical density-equalizing maps based
on the world population in Years 1980, 2000, and 2020, respectively. More specifically, for
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(@) (b)

Figure 16. Controlling the mesh density in surface remeshing via SDEM. (a) A remeshed surface
of the Buddha model obtained via spherical area-preserving parameterization by SDEM. (b) A remeshed surface
of the Buddha model obtained via spherical density-equalizing map with the head part enlarged by SDEM. The
two remeshed surfaces contain the same number of vertices and faces.
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Figure 17. An illustration of the spherical data visualization process. Given a spherical earth model
(top left), we first set the initial density on the underlying spherical triangle mesh based on some sociological
data (bottom left). We then compute a spherical density-equalizing map (bottom right) and deform the earth
model based on the mapping result, thereby producing a spherical cartogram for data visualization (top right).
Here both the original spherical triangle mesh and the mapping result are color-coded with the initial density.
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Origind Year 1980 Year 2000 Year 2020

Figure 18. Visualizing the change in the world population via SDEM. The first column shows
the undeformed earth model. The second, third, and fourth columns show the deformed earth models produced
by SDEM based on the world population in Years 1980, 2000, and 2020, respectively. Two different views are
displayed for each earth model (top row and bottom row).

each set of world population data in a specific year, we set the initial densities at different
regions (Asia, Africa, North America, South America, etc.) of the spherical earth model to
be proportional to the actual human population in those regions. Also, we set the density
at the sea to be the average of the density at all other regions. Then, under the proposed
SDEM algorithm, regions with a higher actual human population will expand and those with
a lower actual human population will shrink. As the human population in Asia is higher than
that in North America and South America, we can see that the Asia region is magnified in all
three mapping results in Figure 18, while the North America and South America regions are
shrunk. Moreover, by comparing the three mapping results for Years 1980, 2000, and 2020,
it can be observed that the Asia region in the deformed earth models becomes larger and
larger from Year 1980 to 2020. This reflects the change in demographics over the past several
decades, with the overall human population in Asia increasing more rapidly than in North
America and South America.

In Figure 19, we show another set of spherical density-equalizing maps computed based on
the nominal gross domestic product (GDP) of different regions (Asia, Africa, North America,
South America, etc.) in Years 1980, 2000, and 2020, respectively. This time, we can see that
North America is enlarged in all three mapping results, which shows that the nominal GDP
of North America has remained relatively high over the past several decades. By contrast, the
size of the Asia region shows an increasing trend in the three mapping results from Year 1980
to 2020, which reflects that economic growth in Asia has been emerging over the years. The
two sets of examples above show that our method can be effectively applied to sociological
data visualization.
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Origina Year 1980 Year 2000 Year 2020

Figure 19. Visualizing the change in the nominal gross domestic product (GDP) via SDEM.
The first column shows the undeformed earth model. The second, third, and fourth columns show the deformed
earth models produced by SDEM based on the nominal GDP of different regions in Years 1980, 2000, and 2020,
respectively. Two different views are displayed for each earth model (top row and bottom row).

6. Discussion. In this work, we have proposed a novel method for computing spherical
density-equalizing maps (SDEM) for genus-0 closed surfaces. Using the proposed method, we
can easily achieve different mapping effects, with a particular example being spherical area-
preserving parameterizations. We have further proposed a combined energy model includ-
ing density gradient, harmonic energy, and landmark mismatch energy to achieve landmark-
aligned spherical density-equalizing maps (LSDEM) balancing different distortions. The ex-
perimental results and applications presented have demonstrated the effectiveness of our pro-
posed methods.

We remark that while our experimental results have demonstrated the convergence of our
proposed method numerically, several key steps in our algorithm pose some technical chal-
lenges in the theoretical convergence analysis. Specifically, note that while the deformation
process in our proposed method is primarily guided by density diffusion solved using a semidis-
crete backward Euler scheme in (3.9), our algorithm involves an additional overlap correction
scheme for correcting mesh fold-overs and a recoupling scheme for recalculating the density
based on the final updated vertex positions at each iteration. The effect of these schemes on
the subsequent density highly depends on the input surface geometry and mesh quality. This
poses challenges in establishing a theoretical convergence proof for our algorithm.

Note that both of the two proposed mapping methods are limited to surfaces with spherical
topology. In the future, we plan to extend the methods for surfaces with other topologies.
In particular, as many real-world surfaces are high-genus, having both a density-equalizing
mapping method and a landmark-aligned density-equalizing mapping method for them would
facilitate their processing and shape analysis. Also, note that the proposed mapping methods
in the current work are only applicable to triangle mesh data. Another possible future direction
is to extend the proposed methods for point cloud surfaces.
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Data availability. The code and data are available on GitHub at https://github.com/
garyptchoi/spherical-density-equalizing-map.
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