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Abstract
Surface parameterization is a fundamental task in geometry processing and plays
an important role in many science and engineering applications. In recent years,
the density-equalizing map, a shape deformation technique based on the physical
principle of density diffusion, has been utilized for the parameterization of simply
connected and multiply connected open surfaces. More recently, a spherical density-
equalizing mapping method has been developed for the parameterization of genus-0
closed surfaces. However, for genus-0 closed surfaces with extreme geometry, using
a spherical domain for the parameterization may induce large geometric distortion.
In this work, we develop a novel method for computing density-equalizing maps
of genus-0 closed surfaces onto an ellipsoidal domain. This allows us to achieve
ellipsoidal area-preserving parameterizations and ellipsoidal parameterizations with
controlled area change.We further propose an energyminimization approach that com-
bines density-equalizing maps and quasi-conformal maps, which allows us to produce
ellipsoidal density-equalizing quasi-conformal maps for achieving a balance between
density equalization and quasi-conformality. Using our proposed methods, we can
significantly improve the performance of surface remeshing for genus-0 closed sur-
faces. Experimental results on a large variety of genus-0 closed surfaces are presented
to demonstrate the effectiveness of our proposed methods.
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1 Introduction

Surface parameterization is the process of mapping a complicated surface onto a
simpler domain. It is closely related to many tasks in geometry processing including
surface registration, texture mapping, surface remeshing, and shape analysis. In recent
decades, numerous efforts have been devoted to the development of efficient surface
parameterization algorithmswith different desired properties [1–4] for various science
and engineering applications.

As genus-0 closed surfaces are topologically equivalent to a sphere, most prior
works have focused on the problem of parameterizing genus-0 closed surfaces onto
the unit sphere. For conformal parameterization, a vast number of spherical confor-
mal parameterization methods have been developed over the past few decades based
on linearization [5], harmonic energy minimization [6], Ricci flow [7], conformal
curvature flow [8], quasi-conformal theory [9], partial welding [10], and Dirichlet
energy minimization [11]. For area-preserving parameterization, the theory and com-
putation of optimal mass transportation (OMT) have been extensively studied [12,
13]. Based on OMT, some area-preserving parameterization methods for genus-0
closed surfaces have been developed [14–17]. Besides the above-mentioned conformal
and area-preserving methods, some other prior works have also developed spherical
parameterization algorithms with different mapping criteria [18–28]. While there is
a topological equivalence between genus-0 closed surfaces and the sphere, the geo-
metric difference between themmay be large. For instance, mapping a genus-0 closed
surface with an elongated shape to a sphere may induce large geometric distortion.
Therefore, a few recent studies have focused on ellipsoidal parameterizations [29–
31], in which an ellipsoid is used as the parameter domain for parameterizing genus-0
closed surfaces.

Density-equalizing maps [32] are a class of mappings with shape deformation
produced based on a prescribed density distribution. More specifically, given a pla-
nar domain with a density distribution prescribed in it, a density-equalizing map will
deform the domain with the high-density regions enlarged and the low-density regions
shrunk. This concept is naturally related to the problem of cartogram creation, which
focuses on creating shape deformations of geographical maps to visualize specific
sociological data. In classical cartogram methods [33], continuous transformations
balancing area targets with conformality were considered for districting. Over the
past few decades, density-equalizing maps have been widely used in cartogram cre-
ation and data visualization [34]. Also, different variants and improved algorithms
have been developed [35–37]. Choi and Rycroft [38] developed a novel method for
computing surface density-equalizing maps and demonstrated its effectiveness in sur-
face parameterization for simply connected open surfaces. Later, the method was
extended to other mapping problems for simply connected open surfaces [39–41]
and volumetric domains [42] with applications to medical visualization and shape
modeling. Lyu et al. [43] developed a surface parameterization method for multiply
connected open surfaces by combining density-equalizing maps and quasi-conformal
maps.More recently, they have developed spherical density-equalizingmappingmeth-
ods for genus-0 closed surfaces [44]. Using their methods, spherical area-preserving
parameterizations and spherical parameterizations with controlled area change can
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Fig. 1 An illustration of the proposed ellipsoidal density-equalizing mapping method (EDEM) and ellip-
soidal density-equalizing quasi-conformal mapping method (EDEQ). a Given any input genus-0 closed
surface, we can apply the proposed EDEMmethod to compute ellipsoidal density-equalizing maps to ellip-
soidal domains with different prescribed elliptic radii. b Given any input genus-0 closed surface (top left),
we can start with an initial spherical parameterization (top right) and then apply the proposed EDEQmethod
to simultaneously optimize the elliptic radii of the domain and the mapping onto it, thereby achieving an
ellipsoidal density-equalizing quasi-conformal map with minimal geometric distortions (bottom)

be achieved. However, as mentioned above, mapping genus-0 closed surfaces with
extreme geometry onto a spherical domain may induce large geometric distortion. For
instance, the spherical area-preserving parameterization of an elongated surface may
possess low area distortion but extremely high angular distortion, which is undesir-
able for many practical applications. Moreover, ellipsoidal models play an important
role in geographic reference systems (e.g., WGS 84), and ellipsoidal mappings can be
naturally utilized in cartograms and simulations of the Earth or other celestial bodies.

Motivated by the aboveworks, herewe develop a novelmethod for computing ellip-
soidal density-equalizing maps for genus-0 closed surfaces inR3. Specifically, given a
genus-0 closed surface, we compute density-equalizingmaps onto ellipsoidal domains
with different prescribed radii based on a density distribution encoding the desired
mapping effect (Fig. 1a). This allows us to easily achieve ellipsoidal area-preserving
parameterizations and ellipsoidal parameterizations with controlled area change. We
then further propose an algorithm for computing ellipsoidal density-equalizing quasi-
conformal maps, which combines density-equalizing maps and quasi-conformal maps
to achieve abalancebetween area and angle distortions.Moreover, throughout the algo-
rithm, we can optimize the shape of the target ellipsoidal domain to further reduce
overall geometric distortion (Fig. 1b). This provides us with an effective and automatic
way of representing any genus-0 closed surface by an optimal ellipsoid. We apply our
proposed methods for surface remeshing of genus-0 closed surfaces and demonstrate
the improvement over prior approaches via various examples.

The organization of this paper is as follows. In Sect. 2, we introduce the math-
ematical background of our work. In Sect. 3, we describe our proposed methods
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for computing ellipsoidal density-equalizing maps (EDEM) and ellipsoidal density-
equalizing quasi-conformal maps (EDEQ). In Sect. 4, we present experimental results
of our proposed methods on various genus-0 closed surfaces. In Sect. 5, we describe
the application of our proposed methods to genus-0 surface remeshing. Finally, in
Sect. 6, we conclude this paper and discuss possible future works.

2 Mathematical background

Our proposed methods are primarily based on the theory of density-equalizing maps
and quasi-conformal geometry. The relevant concepts are introduced in this section.

2.1 Density-equalizingmaps

Gastner and Newmann [32] proposed a method for computing the density-equalizing
maps for 2D planar domains based on the principle of density diffusion. Given a
positive density function ρ defined on the planar domain, the method produces shape
deformation following the density gradient. More specifically, note that the advection
equation is given by

∂ρ

∂t
= −∇ · j, (1)

where j = −∇ρ is the density flux by Fick’s law. This gives the diffusion equation

∂ρ

∂t
= �ρ. (2)

Now, since the flux j can be expressed as j = ρv, where v is the velocity field, we
have

v = j
ρ

= −∇ρ

ρ
. (3)

Therefore, the position of any tracer particle r at time t can be traced by the fol-
lowing:

r(t) = r(0) +
∫ t

0
v(r, τ )dτ . (4)

where r(0) is the initial position. Taking the time t → ∞, the density ρ will be
fully equalized on the entire domain, and the resulting shape deformation is a density-
equalizing map. In particular, as the shape deformation is induced by the density
diffusion process, it is easy to see that high-density regionswill be enlarged throughout
the process and low-density regions will be shrunk (see Fig. 2 for an illustration).

The above density-equalizing mapping method has been widely applied to car-
togram creation and sociological data visualization. Specifically, the input density ρ is
commonly defined as some prescribed quantity (known as the “population”) per unit
area, where the “population” can either be the actual population of a certain region
on the geographical map, the income of a region, or any other sociological data to be
visualized.
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Fig. 2 An illustration of density-equalizing maps. The density flow enlarges the regions with high density
and shrinks the regions with low density

In recent years, the density-equalizingmappingmethod has been further introduced
to the field of surface parameterization. In particular, Choi et al. [38, 39] proposed
methods for computing density-equalizing maps for simply connected open surfaces
inR3. Lyu et al. [43] developed parameterizationmethods formultiply connected open
surfaces based on density-equalizing maps. More recently, Lyu et al. [44] developed a
method for computing spherical density-equalizing maps for genus-0 closed surfaces.

2.2 Quasi-conformal theory

It is well-known that conformal maps [45] are angle-preserving. Intuitively, they map
infinitesimal circles to infinitesimal circles. Quasi-conformal maps [46, 47] are a
generalization of conformal mapstaking infinitesimal circles to infinitesimal ellipses
with bounded eccentricity. Mathematically, a quasi-conformal map f : C → C

satisfies the Beltrami equation:

∂ f

∂ z̄
= μ(z)

∂ f

∂z
(5)

for some complex-valued function μ satisfying ‖μ‖∞ < 1. Here, μ is called the
Beltrami coefficient, which encodes important information about the conformal dis-
tortion of the map f . Specifically, f is a conformal map if and only if μ = 0, as
Eq. (5) becomes the Cauchy–Riemann equation. Intuitively, around a point z0 ∈ C,
the first-order approximation of f can be expressed as follows:

f (z) ≈ f (z0) + fz(z0)(z − z0) + fz̄(z0)(z − z0) = f (z0) + fz(z0)(z − z0 + μ(z0)(z − z0)). (6)

The above approximation suggests that f maps an infinitesimal circle centered
at z0 to an infinitesimal ellipse centered at f (z0). Additionally, we can determine
the angles and scaling factors of the maximal magnification and maximal shrink-
age using μ (see Fig. 3). More specifically, the angle of maximal magnification is

123



   30 Page 6 of 37 Z. Lyu et al.

( ) =
1 +

∞

1 −
∞

(1 − )

(1 + )

arg( )

2

Fig. 3 An illustration of quasi-conformal maps. The Beltrami coefficient determines the conformality
distortions

given by arg(μ(z0))/2, with the magnifying factor | fz(z0)|(1 + |μ(z0)|). Also, the
angle of maximal shrinkage is given by (arg(μ(z0))+π)/2, with the shrinking factor
| fz(z0)|(1 − |μ(z0)|). The maximal dilation of f is K ( f ) = 1+‖μ‖∞

1−‖μ‖∞ .
Besides encoding important geometric information about the associated quasi-

conformal map, the Beltrami coefficient is also related to the bijectivity of the
mapping [46, 47]:

Theorem 1 If f is a C1 mapping satisfying ‖μ f ‖∞ < 1, then f is bijective.

Moreover, the Beltrami coefficient of a composition of two quasi-conformal maps
can be expressed in the following way. Let f , g : C → C be two quasi-conformal
maps with Beltrami coefficient μ f and μg , respectively. The Beltrami coefficient of
the composition map g ◦ f is given by

μg◦ f = μ f + (μg ◦ f )τ

1 + μ f (μg ◦ f )τ
, (7)

where τ = fz/ fz . In particular, if g is a conformal map, then μg◦ f = μ f . In other
words, composing a conformal mapwith a given quasi-conformal mapwill not change
its Beltrami coefficient.

Lui et al. [48] proposed an algorithm called Linear Beltrami Solver (LBS) for
efficiently reconstructing a quasi-conformal mapping based on a given Beltrami coef-
ficient μ. Specifically, for any given μ = ξ + iτ , the corresponding quasi-conformal
map f = u + iv can be computed by solving the following equations:

{∇ · (A∇u) = 0
∇ · (A∇v) = 0

(8)

where A =
(

α1 α2
α2 α3

)
with

α1 = (ξ − 1)2 + τ 2

1 − ξ2 − τ 2
, α2 = − 2τ

1 − ξ2 − τ 2
, α3 = (ξ + 1)2 + τ 2

1 − ξ2 − τ 2
. (9)
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In the discrete case, Eq. (8) becomes two sparse symmetric positive definite linear
systems and can be easily solved numerically. In the following, we denote the above
method for reconstructing a quasi-conformal map f from a Beltrami coefficient μ by
f = LBS(μ).

3 Proposedmethods

In this section, we first propose a novel algorithm for computing ellipsoidal density-
equalizing maps (abbreviated as EDEM) of genus-0 closed surfaces onto a prescribed
ellipsoid. Next, we propose another algorithm for computing ellipsoidal density-
equalizing quasi-conformal maps (abbreviated as EDEQ), which allows us to
simultaneously optimize the shape of the ellipsoidal domain and the mapping onto
it to achieve minimal geometric distortions.

3.1 Ellipsoidal density-equalizingmap (EDEM)

Consider a given genus-0 closed surface M in R
3 discretized as a triangle mesh

(V ,E ,F ), where V is the set of vertices, E is the set of edges which indicate the
connections between vertices and are in the form of Euclidean straight line segments
in R3, andF is the set of triangle faces. Our goal is to compute a bijective ellipsoidal
density-equalizing map f : M → Ea,b,c, where Ea,b,c is a prescribed ellipsoid with
elliptic radii a, b, c:

Ea,b,c =
{
(x, y, z) ∈ R

3 : x2

a2
+ y2

b2
+ z2

c2
= 1

}
. (10)

Here, the density ρ involved in the density-equalizingmappingmethod will be defined
by some prescribed positive quantity (denoted as the “population”) per unit area. By
changing the “population,” we can easily control the shape deformation and achieve
different desired parameterization results.

3.1.1 Initial ellipsoidal parameterization

First, we compute an initial ellipsoidal conformal parameterization f0 : M → Ea,b,c.
To accomplish this, we apply the Fast Ellipsoidal Conformal Mapping (FECM)

method [30], which is an efficient algorithm for computing an ellipsoidal conformal
parameterization by leveraging quasi-conformal theory. Initially, the input genus-0
closed surface M is conformally mapped to the unit sphere S

2. Then, the FECM
method maps the sphere onto the complex plane using the stereographic projection,
followed by aMöbius transformation step thatmaps two desired polar points ofM to 0
and ∞, respectively. However, it is important to note that the stereographic projection
may lead to an uneven distribution of points. To address this issue, the FECMmethod
incorporates an additional rescaling step to enhance the distribution of points.
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Next, the FECMmethod looks for an inverse projection thatmaps the planar domain
to the target ellipsoid Ea,b,c conformally. It is worth noting that while one can extend
the ordinally stereographic projection and its inverse to the ellipsoidal case, the inverse
ellipsoidal stereographic projection is not inherently conformal. Therefore, by utiliz-
ing the idea of quasi-conformal composition, the FECM method identifies a suitable
additional quasi-conformal map on the plane and composes it with the inverse ellip-
soidal stereographic projection to form a conformalmap from the plane to the ellipsoid
Ea,b,c.

Finally, by combining all of the above-mentioned mappings, the FECM method
produces an ellipsoidal conformal parameterization f0 : M → Ea,b,c. Readers are
referred to [30] for more details.

3.1.2 Density-equalizing map on ellipsoid

After obtaining an initial ellipsoidal parameterization, we handle the subsequent shape
deformation problem on the ellipsoidal domain Ea,b,c.

We define the initial density ρ as the “population” per unit area, where the “pop-
ulation” is some prescribed positive quantity defined everywhere on the ellipsoid.
In the following, we propose an iterative scheme for computing ellipsoidal density-
equalizingmaps onEa,b,c, with the bijectivity of themappings enforced. As the density
diffusion process is time-dependent, here, we denote the position of a vertex r on Ea,b,c

at time t as r(t). The initial position of r is represented as r(0).
Analogous to the original density-equalizing mapping formulation [32], the diffu-

sion equation of ρ on the ellipsoid is given by the following:

∂ρ(r(t), t)
∂t

= �ρ(r(t), t), (11)

where � is the Laplace–Beltrami operator. The velocity field induced by the density
gradient on the ellipsoid is given by

v(r(t), t) = −∇ρ(r(t), t)
ρ(r(t), t)

. (12)

Then, the position of anyvertex on the ellipsoid can be computed using the following
equation:

r(t) = r(0) +
∫ t

0
v(r(τ ), τ )dτ. (13)

As time progresses towards infinity (t → ∞), the density is equalized, and we
obtain the desired ellipsoidal density-equalizing map.

Note that in the discrete case, the initial density ρ needs to be discretized on the
ellipsoidal triangle mesh. Here, we first define the initial density ρ0

F (T ) = Population
Area(T )

on every triangular face T on the ellipsoid. The subsequent iterative process involves
updating the positions of all vertices {ri (tn)}i , where i = 1, 2, . . . , |V | and at different
time points tn , where n = 1, 2, . . . with the time step size δt = tn+1 − tn . In addition
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to the face density ρn
F , we also denote the vertex density as ρn

V . Note that ρn
V can be

obtained from ρn
F by a simple formula [38]:

ρn
V = Mρn

F , (14)

where M is a |V | × |F | face-to-vertex conversion matrix such that

Mi j =
{ Area(Tj )∑

T∈NF (ri )
Area(T )

if Tj is incident to ri ,

0 otherwise.
(15)

Here, NF (ri ) is the 1-ring neighborhood of the vertex ri .
Now, to solve Eq. (11) in the discrete case, note that the Laplace-Beltrami operator

�n at the n-th iteration can be discretized as follows:

�n = −A−1
n Ln . (16)

Here, An is a diagonal matrix (known as the lumped mass matrix) of size |V |×|V |
given by the following:

(An)i i = 1

3

∑
[ri ,r j ,rk ]∈NF (ri )

Area
([ri (tn), r j (tn), rk(tn)]) , (17)

where [ri , r j , rk] is a triangle in NF (ri ). It is worth noting that every element of the
lumpedmassmatrix An is the area sumof the 1-ringneighborhoodof the corresponding
vertex at t = tn . The matrix Ln is a |V |×|V | symmetric sparse matrix with cotangent
weights [49]:

(Ln)i j =
⎧⎨
⎩

− 1
2 (cot αi j + cot βi j ) if [ri , r j ] ∈ E ,

−∑
k 	=i (Ln)ik if j = i,

0 otherwise,
(18)

where αi j and βi j are the two angles opposite to the edge [ri , r j ]. Now, Eq. (11) can
be solved using the semi-discrete backward Euler method:

ρn+1
V − ρn

V

δt
= �nρ

n+1
V , (19)

from which we have
ρn+1
V = (An + δt Ln)

−1(Anρ
n
V ). (20)

After solving Eq. (11), the velocity field can be updated using Eq. (12). More
specifically, we first compute the discretized density gradient on the triangle mesh.
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For any triangle element T = [ri , r j , rk] ∈ F , using the Whitney 0-forms, ρn+1
V can

be interpolated at any point x on the triangle T by the following:

ρn+1
V (x) = ρn+1

V (ri )�W
i (x) + ρn+1

V (r j )�W
j (x) + ρn+1

V (rk)�W
k (x), (21)

where �W
i (x), �W

j (x), �W
k (x) are hat functions and ρn+1

V (ri ), ρn+1
V (r j ), ρn+1

V (rk)

are the vertex densities at ri , r j , rk . By the property ∇�W
i = N×ei j

2Area(T )
(see Ref. [38]),

where N is the unit normal vector of T and ei j is the directed edge [ri , r j ], the density
gradient ∇ρn+1

F (T ) on the triangle T is given by the following:

∇ρn+1
F (T ) =

nF (T ) ×
(
ρn+1
V (ri )e jk + ρn+1

V (r j )eki + ρn+1
V (rk)ei j

)

2Area(T )
, (22)

where ei j , e jk , eki are the three directed edges [ri (tn), r j (tn)], [r j (tn), rk(tn)],
[rk(tn), ri (tn)], and nF (T ) is the outward unit normal vector of the triangle face
T . Then, using Eq. (14), we can obtain ∇ρn+1

V on every vertex by the following:

∇ρn
V = M∇ρn

F . (23)

After obtaining the vertex density ρn
V and its gradient ∇ρn

V , the velocity at each
vertex can be computed using Eq. (12) as follows:

vn+1
V (ri ) = −∇ρn+1

V (ri )

ρn+1
V (ri )

. (24)

However, it is noteworthy that in the discrete case, the velocity in Eq. (24) may
not be located in the tangent space. To resolve this issue, we add a projection step
to project the velocity onto the admissible space. Since the equation of the ellipsoid
Ea,b,c is

x2

a2
+ y2

b2
+ z2

c2
= 1, (25)

it is easy to see that the outward unit normal vector of Ea,b,c is

nV (r(t)) =
(
2x
a2

,
2y
b2

, 2z
c2

)
((

2x
a2

)2 +
(
2y
b2

)2 +
(
2z
c2

)2) 1
2

=
(

x
a2

,
y
b2

, z
c2

)
((

x
a2

)2 +
(

y
b2

)2 +
(

z
c2

)2) 1
2

. (26)

Therefore, the projected velocity field ṽn+1
V can be obtained by

ṽn+1
V (ri ) = vn+1

V (ri ) −
(
vn+1
V (ri ) · nV (ri )

)
nV (ri ), (27)
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where nV (ri ) is the outward unit normal vector at the vertex ri . We can then update
the vertex positions based on Eq. (13):

ri (tn+1) = ri (tn) − δt ṽn+1
V (ri ). (28)

Note that there may still be small numerical errors that cause the vertices to move
outside the ellipsoidal surface. To ensure that all vertices remain on the ellipsoid

exactly, we further divide the coordinates of each vertex ri (tn+1) by
√

x2

a2
+ y2

b2
+ z2

c2
,

where ri (tn+1) = (x, y, z). This ensures that all updated vertices satisfy the parametric
equation in Eq. (10) and hence lie on the ellipsoid Ea,b,c.

3.1.3 Ensuring the bijectivity of the ellipsoidal mapping throughout the iterative
process

As mentioned in [43, 44], conventional density-equalizing mapping methods do not
provide any guarantee of bijectivity throughout the diffusion process. Specifically,
mesh overlaps may occur under the mapping update in Eq. (28) if the density gradient
or the time step size is too large. To resolve this issue, we follow the idea in [44] and
propose a correction scheme that ensures the bijectivity of the ellipsoidal mapping at
each iteration.

We first introduce a rescaling transformation h : Ea,b,c → S
2 defined by the

following:

h (x, y, z) =
( x
a

,
y

b
,
z

c

)
, (29)

where a, b, and c are the radii of the ellipsoid. Using the rescaling transformation h,
the initial ellipsoidal map r(0) and the ellipsoidal map r(tn) after the n-th iterative
update can be mapped onto two unit spheres S 0 := h(r(0)) and S n := h(r(tn)),
respectively. Note that in our work, we consider surfaces discretized in the form of
triangle meshes, where the connections between vertices are represented by Euclidean
straight line segments in R

3. Therefore, after applying the transformation h on all
vertices,we can examine the bijectivity of themappingwith respect to themesh formed
by the vertices and the Euclidean straight line segments. Since h is a piecewise linear
anisotropic rescaling map defined on the entire triangle mesh, it is easy to see that h
is a bijection and hence will not have any effect on the presence or absence of local
mesh fold-overs in the ellipsoids.

Now, we can apply the spherical overlap correction scheme proposed by the SDEM
work [44], which is designed for enforcing the bijectivity of a spherical mapping.
Specifically, the scheme involves projecting the two spheres S 0 and S n onto the
extended complex plane via the north-pole stereographic projection and the south-pole
stereographic projection and correcting the local mesh fold-overs on the plane using
the LBS method [48]. Readers are referred to [44] for the detailed description of the
spherical overlap correction scheme. We denote the process of the spherical overlap
correction scheme as a map g̃n : S n → S

2, where the mapping result g̃n(S n) is
folding-free.
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Finally, we apply the inverse rescaling transformation h−1 to rescale the spherical
mapping result to the ellipsoid. Again, it is easy to see that h−1 is a bijection and
will not have any effect on the presence or absence of mesh fold-overs. Therefore, the
composition h−1 ◦ g̃n ◦ h is a mapping from Ea,b,c to Ea,b,c that can correct any local
mesh fold-overs in r(tn). This completes the ellipsoidal overlap correction scheme.

3.1.4 Re-coupling the deformation and density

Recall that the proposed ellipsoidal density-equalizing mapping scheme creates shape
deformations on a prescribed ellipsoid based on density diffusion. Specifically, the
velocity field at each iteration is determined by the density and its gradient at the mesh
vertices. As the computational procedure involves multiple discretization schemes,
numerical errorsmay accumulate throughout the iterations.Also, the above-mentioned
overlap correction scheme may alter the vertex positions when correcting the local
mesh fold-overs, thereby leading to a discrepancy between the vertex positions and
the actual density flow. To address this issue, we follow the idea in [44] and introduce
an extra step to re-couple the density and deformation at the end of every iteration.

More specifically, at the end of the n-th iteration, we do not directly use the density
obtained by solving the diffusion equation in Eq. (20) to continue the next iteration.
Instead, we re-define the density ρn+1

F (T ) on the triangle element T = [ri , r j , rk]
using the updated vertex positions r(tn+1) on the ellipsoid:

ρn+1
F (T ) = Population

Area[ri (tn+1), r j (tn+1), rk(tn+1)] . (30)

Once the updated density ρn+1
F is obtained, we calculate ρn+1

V using Eq. (14) and
proceed with the next iteration. Altogether, this additional re-coupling step allows us
to reduce the accumulation of numerical errors as well as the discrepancy between the
shape deformation and the density.

3.1.5 Summary

By integrating the initial ellipsoidal conformal parameterization (Sect. 3.1.1) and the
diffusion iteration scheme (Sect. 3.1.2)with the overlap correction scheme (Sect. 3.1.3)
and the re-coupling scheme (Sect. 3.1.4), we have the proposed EDEM algorithm for
computing bijective ellipsoidal density-equalizing maps for genus-0 closed surfaces.
The proposed algorithm is summarized in Algorithm 1. In practice, we set the step size
δt = 0.1, the stopping parameter ε = 10−3, and the maximum number of iterations
allowed nmax = 300.

3.2 Ellipsoidal density-equalizing quasi-conformal map (EDEQ)

While our EDEM algorithm can produce shape deformations and achieve prescribed
area changes on the given ellipsoid Ea,b,c, other geometric distortions such as confor-
mal distortions may be uncontrolled. Also, note that the EDEMmethod can be applied
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Algorithm 1 Ellipsoidal density-equalizing map (EDEM)
Input: A genus-0 closed surface M , a prescribed population, the elliptic radii a, b, c, the step size

δt , the stopping parameter ε, and the maximum number of iterations allowed nmax.
Output: An ellipsoidal density-equalizing map f : M → Ea,b,c .

1 Compute an initial ellipsoidal conformal parameterization f0 : M → Ea,b,c [30];

2 Compute the initial density ρ0F on f0(M ) based on the prescribed population;
3 Set n = 0;
4 repeat
5 Compute An and Ln on Ea,b,c by Eq. (17) and Eq. (18);

6 Obtain ρn+1
V by solving the diffusion equation Eq. (11);

7 Compute the velocity field vn+1
V at every vertex by Eq. (24);

8 Compute the projected velocity field ṽn+1
V onto the ellipsoid using Eq. (27);

9 Update the position of all vertices using Eq. (28) and enforce the vertices to remain on Ea,b,c;
10 Apply the overlap correction scheme in Section 3.1.3;

11 Apply the re-coupling scheme in Section 3.1.4 to update ρn+1
F ;

12 Update n = n + 1;

13 until
sd

(
ρnV

)

mean
(
ρnV

) < ε or n ≥ nmax;

14 The resulting bijective ellipsoidal density-equalizing map is f : M → Ea,b,c ;

to ellipsoids with any prescribed elliptic radii. It is therefore natural to ask whether
one can further reduce the overall geometric distortions by optimizing both the shape
of the ellipsoid and the associated ellipsoidal mappings.

As described in theDEQmethod [43], the density-equalizing process can be consid-
ered an energy minimization problem involving the prescribed density. Analogously,
as our EDEM method aims to create a shape deformation following the density diffu-
sion process on the ellipsoid, the density-equalizing effect of a map f can be assessed
using the following energy:

EEDEM( f ) =
∫ ∥∥∥∥∇ρ

ρ

∥∥∥∥
2

, (31)

where ρ is the density associated with the map f . Also, note that by quasi-conformal
theory, the conformal distortion of a map f can be represented using the norm of
its Beltrami coefficient ‖μ‖, where a smaller ‖μ‖ implies a smaller eccentricity of
the local ellipses and hence a smaller angle distortion. Therefore, we can assess the
conformal distortion of a mapping by considering the following energy:

EBC( f ) =
∫

|μ|2. (32)

In this section, our goal is to develop an ellipsoidal density-equalizing quasi-
conformal mapping algorithm, which we abbreviate as EDEQ, to reduce both of the
above energies EEDEM and EBC. Now, it is noteworthy that the shape of the ellipsoid
Ea,b,c, characterized by the elliptic radii a, b, c, can effectively provide us with extra
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degrees of freedom in reducing the energies. Therefore, we consider minimizing the
following combined energy E with the radii a, b, c and the map f : M → Ea,b,c

being the variables:

E(a, b, c, f ) = EEDEM + αEBC =
∫ ∥∥∥∥∇ρ

ρ

∥∥∥∥
2

+ α

∫
|μ|2, (33)

where α is a nonnegative weighting parameter for balancing the density-equalizing
error and the conformal distortion. The existence of the minimizer of E can be proved
by following the arguments in [19, 43].

3.2.1 Decoupling the combined energy

To simplify the optimization process, we first decouple the minimization problem of
the combined energy E into two subproblems of minimizing E1 and E2 below:

E1( f ) =
∫
Ea,b,c

∥∥∥∥∇ρ

ρ

∥∥∥∥
2

, (34)

E2(a, b, c) =
∫
Ea,b,c

∥∥∥∥∇ρ

ρ

∥∥∥∥
2

+ α

∫
Ea,b,c

|μ|2. (35)

More specifically, the energy E1 in Eq. (34) aims to equalize the density distribution
across a fixed ellipsoidal domain with radii a, b, c, promoting a more uniform density
throughout the iterations. The energy E2 in Eq. (35) focuses on optimizing the shape
of the ellipsoid to minimize the combined geometric distortion. We can then utilize
our developed computational scheme in the EDEM method for the subproblem E1
and focus on updating the ellipsoidal geometry in the subproblem E2.

3.2.2 Subproblem E1

We first consider the descent direction of E1 = ∫
Ea,b,c

∥∥∥∇ρ
ρ

∥∥∥2, with the elliptic radii

a, b, c fixed. As in the formulation of the EDEM method in Sect. 3.1, the velocity
field can be computed by v = −∇ρ

ρ
. Also, to preserve the given ellipsoidal shape, we

remove the normal component v⊥ = (v · n) n, where n is the outward normal unit
vector. The descent direction of E1 is then given by the following:

dE1 = v − v⊥. (36)

Hence, we have the following iterative scheme for the energy E1:

fn+1 = fn + δtdEn
1 , (37)

where δt is the time step size, fn is the map at the n-th iteration, and dEn
1 is the descent

direction of E1 at the n-th iteration.
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3.2.3 Subproblem E2

To minimize the energy E2, we first consider the Beltrami coefficient term
∫
Ea,b,c

|μ|2.
Recall that the Beltrami coefficient is a complex-valued function defined on the com-
plex plane. To extend it for assessing the conformal distortion of an ellipsoidal map,
we use a triangle-based approach as follows. Let T 0 = [ri (t0), r j (t0), rk(t0)] be
a triangle element on the initial ellipsoidal conformal parameterization and T n =
[ri (tn), r j (tn), rk(tn)] be the corresponding triangle at the n-th iteration. We rigidly
map both T 0 and T n onto the complex plane. Specifically, this can be done by fixing
one of the vertices of each triangle at the origin, one of the triangle edges containing
this vertex onto the real axis, and then computing the position of the remaining vertex
based on the edge lengths and angles of the triangle. We denote the resulting triangles
on the complex plane as T̃ 0 and T̃ n . Then, we can consider the mapping between T̃ 0

and T̃ n as a quasi-conformal map fT̃ n = u + iv. The Beltrami coefficient of fT̃ n can
be obtained by the following:

μT̃ n =
(
ux − vy

) + i
(
vx + uy

)
(
ux + vy

) + i
(
vx − uy

) . (38)

From the above formula, we can get the norm of the Beltrami coefficient ‖μT̃ n‖ and
use it to represent the conformal distortion between T 0 and T n . We can then repeat
the above procedure for all triangular faces of the surface to get the term

∫
Ea,b,c

|μ|2.
Next, we consider optimizing the shape of the ellipsoid (i.e., the radii a, b, c) based

on the energy E2. To simplify the formulation, we keep a unchanged and focus on
optimizing the two other elliptic radii b and c using an iterative procedure. We first
define the radius step sizes along b and c as δb and δc, respectively. Now, there are
nine possible combinations of the radii in the form of (a, b + kbδb, c + kcδc) with
kb, kc = 0, 1,−1. We can then consider the following energies associated with the
nine combinations, including the original one:

E2(a, b, c) =
∫
Ea,b,c

(∥∥∥∥∇ρ

ρ
(a, b, c)

∥∥∥∥
2

+ α |μ(a, b, c)|2
)

, (39)

the ones with only one among b and c changed:

E2(a, b + δb, c) =
∫
Ea,b+δb,c

(∥∥∥∥∇ρ

ρ
(a, b + δb, c)

∥∥∥∥
2

+ α|μ(a, b + δb, c)|2
)

,

E2(a, b, c + δc) =
∫
Ea,b,c+δc

(∥∥∥∥∇ρ

ρ
(a, b, c + δc)

∥∥∥∥
2

+ α|μ(a, b, c + δc)|2
)

,

E2(a, b − δb, c) =
∫
Ea,b−δb,c

(∥∥∥∥∇ρ

ρ
(a, b − δb, c)

∥∥∥∥
2

+ α|μ(a, b − δb, c)|2
)

,

E2(a, b, c − δc) =
∫
Ea,b,c−δb

(∥∥∥∥∇ρ

ρ
(a, b, c − δc)

∥∥∥∥
2

+ α|μ(a, b, c − δc)|2
)

,

(40)
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and the ones with both b and c changed:

E2(a, b + δb, c + δc) =
∫
Ea,b+δb,c+δc

(∥∥∥∥∇ρ

ρ
(a, b + δb, c + δc)

∥∥∥∥
2

+ α|μ(a, b + δb, c + δc)|2
)

,

E2(a, b + δb, c − δc) =
∫
Ea,b+δb,c−δc

(∥∥∥∥∇ρ

ρ
(a, b + δb, c − δc)

∥∥∥∥
2

+ α|μ(a, b + δb, c − δc)|2
)

,

E2(a, b − δb, c + δc) =
∫
Ea,b−δb,c+δc

(∥∥∥∥∇ρ

ρ
(a, b − δb, c + δc)

∥∥∥∥
2

+ α|μ(a, b − δb, c + δc)|2
)

,

E2(a, b − δb, c − δc) =
∫
Ea,b−δb,c−δc

(∥∥∥∥∇ρ

ρ
(a, b − δb, c − δc)

∥∥∥∥
2

+ α|μ(a, b − δb, c − δc)|2
)

.

(41)

Here, the terms ∇ρ
ρ

(ã, b̃, c̃) and μ(ã, b̃, c̃) are computed based on the updated
ellipsoid Eã,b̃,c̃. By selecting the combination with the smallest energy value, we
can update the shape of the ellipsoid and reduce E2. The shape update procedure is
summarized in Algorithm 2.

Algorithm 2 Shape update of the ellipsoidal domain
Input: A ellipsoid Ea,b,c , a prescribed population, and the step sizes δb and δc.
Output: An ellipsoidal triangle mesh Eã,b̃,c̃ .

1 Compute the energies E2(a, b, c), E2(a, b + δb, c), E2(a, b, c + δc), E2(a, b − δb, c),
E2(a, b, c − δc), E2(a, b + δb, c + δc), E2(a, b + δb, c − δc), E2(a, b − δb, c + δc),
E2(a, b − δb, c − δc);

2 Select (ã, b̃, c̃) that gives the smallest energy;
3 Update the ellipsoid as Eã,b̃,c̃ ;

3.2.4 Summary

In Sects. 3.2.2 and 3.2.3, we discussed how to solve the subproblems E1 and E2.
Combining these approaches, we have our proposed ellipsoidal density-equalizing
quasi-conformal map (EDEQ) algorithm.

Specifically, analogous to the EDEM algorithm, here, we start by computing an ini-
tial ellipsoidal conformal parameterization (Sect. 3.1.1) with radii (a, b, c). The initial
density and the initial combined energy can be obtained using the initial ellipsoidal
parameterization. Then, to solve the subproblem E1, we adjust the vertex position
on the current ellipsoid based on the descent direction (Sect. 3.2.2) iteratively. The
overlap correction scheme (Sect. 3.1.3) and the re-coupling scheme (Sect. 3.1.4) are
also applied at each iteration. We repeat the above process for a certain number of
iterations (set by a prescribed parameter K ) so that the energy E1 defined based on the
initial elliptic radii is sufficiently reduced. We then include an additional shape update
step (Sect. 3.2.3) after every K iteration to modify the ellipsoidal radii by solving the
subproblem E2. With the elliptic radii updated, we solve the subproblem E1 to adjust
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the vertex position on the updated ellipsoid as described above again and repeat the
above process. Also, note that a finer adjustment of the elliptic radii will be needed
as the iterations continue. Therefore, instead of using fixed radius step sizes δb, δc in
the shape update algorithm, we add a scaling factor 0.9m to the prescribed step sizes
δb, δc at the m-th shape update step. We repeat the iterations until | En+1−En

En | < ε for
some stopping parameter ε. The final EDEQ map is obtained by f = fn , from which
we also get the final optimal elliptic radii (a, b, c).

The proposedEDEQalgorithm is summarized inAlgorithm3. In practice, the initial
radii (a0, b0, c0) can be chosen arbitrarily, the time step size is set to be δt = 0.1, the
initial radius step sizes are set to be δb = 0.1 and δc = 0.1, the number of iterations
for each set of fixed radii is set to be K = 5, the error threshold is set to be ε = 10−5,
and the maximum number of iterations is set to be nmax = 300, which is sufficient for
ensuring satisfactory convergence in our experiments.

Algorithm 3 Ellipsoidal density-equalizing quasi-conformal map (EDEQ)
Input: A genus-0 closed surface M , a prescribed population, the initial elliptic radii (a0, b0, c0),

the step size δt , the radius step sizes δb and δc, the number of iterations for each set of fixed
radii K , the stopping parameter ε, and the maximum number of iterations allowed nmax.

Output: An ellipsoidal density-equalizing quasi-conformal map f : M → Ea,b,c with the
optimal ellipsoid Ea,b,c .

1 Set (a, b, c) = (a0, b0, c0);
2 Compute an initial ellipsoidal conformal parameterization f0 : M → Ea,b,c [30];

3 Compute the initial density ρ0F on f0(M ) based on the prescribed population;
4 Set n = 0;
5 repeat
6 Compute the descent direction dEn

1 by Eq. (36);
7 Update the mapping fn+1 = fn + δtdEn

1 ;
8 Apply the overlap correction scheme in Section 3.1.3;

9 Apply the re-coupling scheme in Section 3.1.4 to update ρn+1
F ;

10 if n = km for some positive integer m then
11 Apply the shape update method (Algorithm 2) with the radius step sizes 0.9mδb and

0.9mδc and obtain the updated elliptic radii (ã, b̃, c̃);

12 Set (a, b, c) = (ã, b̃, c̃);

13 Update n = n + 1;

14 until | En+1−En

En | < ε or n ≥ nmax;
15 The resulting bijective ellipsoidal density-equalizing quasi-conformal map is f : M → Ea,b,c ,

where (a, b, c) are the optimal elliptic radii;

4 Experiments

In this section, we present experimental results to demonstrate the effectiveness of
our proposed EDEM and EDEQ algorithms. The algorithms are implemented using
MATLAB R2021a on the Windows platform. All experiments are conducted on a
computerwith an Intel(R)Core(TM) i9-12900 2.40GHzprocessor and 32GBmemory.
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(a)

(b)

Fig. 4 Ellipsoidal density-equalizing maps of ellipsoidal surfaces. Each row shows one example. a An
example with discontinuous input density. b An example with continuous input density. Left to right: The
initial ellipsoidal surface color-coded with the initial density, the final EDEM result color-coded with the
initial density, the histogram of the initial density, and the histogram of the final density. The elliptic radii
are (a, b, c) = (1, 2, 4) for both examples

The surfacemeshes are from onlinemesh repositories [50]. All surfaces are discretized
in the form of triangular meshes.

4.1 Ellipsoidal density-equalizingmap

To test our proposedEDEMalgorithm,wefirst considermapping an ellipsoidal surface
with two different density distributions, including a discontinuous density distribution
(Fig. 4a) and a continuous density distribution (Fig. 4b) In both examples, it can be
observed that the input densities are highly non-uniform. By applying the proposed
EDEM method, we obtain the corresponding ellipsoidal density-equalizing maps.
It can be observed that the domains with a high initial density are enlarged while
the domains with a low initial density are shrunk, which shows that our method can
accurately produce shapedeformations on the ellipsoid basedon the prescribeddensity.
Also, from the histograms of the initial and final densities, it can be observed that the
density is effectively equalized.

Next, we consider somemore complicated ellipsoidal mapping examples. Figure 5a
shows an ellipsoidal mesh with non-uniformly distributed triangle elements. Specifi-
cally, the mesh is denser at the top part of the ellipsoid and much coarser at the bottom
part. We define different populations on the ellipsoid such that the initial density of
all the triangular regions is three times the density of all the pentagonal regions. From
our EDEM mapping result, it can be observed that different regions are enlarged or
shrunk accordingly. This shows that our method is capable of computing ellipsoidal
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Fig. 5 Additional examples of ellipsoidal density-equalizingmaps of ellipsoidal surfaces. For each example,
the left figure shows the input surface color-coded with the initial density, and the right figure shows the
EDEM result color-coded with the initial density. a An ellipsoid with non-uniformly distributed mesh
elements and a prescribed discontinuous density. Here, the elliptic radii are (a, b, c) = (1, 1, 1.5). b An
elongated ellipsoid with a prescribed continuous density. Here, the elliptic radii are (a, b, c) = (1, 0.6, 2).
c An ellipsoid with non-uniformly distributed mesh elements and a complex prescribed density. Here, the
radii are (a, b, c) = (1, 1, 1.5). d A sphere with a prescribed continuous density. Here, the elliptic radii are
(a, b, c) = (1, 1, 1)

density-equalizing maps on a non-uniform mesh. One may also wonder whether our
method can be applied to more extreme ellipsoidal geometries and more extreme den-
sity distributions. In Fig. 5b, we consider a more elongated ellipsoid with a more
extreme density distribution prescribed on it, where the maximum and minimum den-
sity values differ by 10 times. It can be observed from our EDEMmapping result that
different regions are effectively enlarged or shrunk based on the input density. This
suggests that our method is capable of handling the extreme ellipsoidal geometry and
extreme input density. Figure 5c shows another ellipsoid with non-uniform mesh ele-
ments and a complicated continuous density distribution. Again, we can see that our
proposed method produces an ellipsoidal density-equalizing map successfully. Lastly,
in Fig. 5d, we test our EDEM algorithm on a spherical surface (i.e., an ellipsoid with
all three elliptic radii being identical). It can be observed from the mapping result that
our method also works well for the spherical case.

For a more quantitative analysis, we record the computational time, radii of the
ellipsoid, variance of the initial density, variance of the final density, and number of
overlaps for all the above ellipsoidal mapping examples in Table 1. It can be observed
that our EDEMmethod can be effectively applied to a wide range of ellipsoidal shapes
with different elliptic radii. Specifically, for ellipsoids with different radii and input
densities, the variances of the final density in the EDEM result are all close to 0. This
shows that all EDEM results are highly density-equalizing. Also, it can be observed
that all mapping results are folding-free. Overall, the experiments have demonstrated
the versatility of the EDEM method.

Next, we consider computing the ellipsoidal density-equalizingmaps for more gen-
eral genus-0 closed surfaces. In Fig. 6, we set the population as the face area of the
original mesh and apply our EDEM algorithm to achieve ellipsoidal area-preserving
parameterizations. For the initial parameterization step, we map each surface confor-
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Table 1 The performance of our EDEM algorithm. For each surface, we record the number of triangle
elements, the computational time, the elliptic radii (a, b, c) of the ellipsoidal domain, the variance of the
normalized initial density ρ̃1 = ρ1

Mean(ρ1)
(where ρ1 is the initial vertex density), the variance of the

normalized final density ρ̃2 = ρ2
Mean(ρ2)

(where ρ2 is the final vertex density), and the number of overlaps

Surface # Faces Time (s) (a, b, c) Var(ρ̃1) Var(ρ̃2) # Overlaps

Ellipsoid 1 (Fig. 4a) 7808 1.8171 (1, 2, 4) 0.1176 0.0032 0

Ellipsoid 2 (Fig. 4b) 7808 4.6973 (1, 2, 4) 0.2084 0.0028 0

Ellipsoid 3 (Fig. 5a) 20,480 1.4869 (1, 1, 1.5) 0.3333 0.0137 0

Ellipsoid 4 (Fig. 5b) 18,904 0.3811 (1, 0.6, 2) 0.2135 0.0055 0

Ellipsoid 5 (Fig. 5c) 20,480 2.6060 (1, 1, 1.5) 0.2580 0.0010 0

Ellipsoid 6 (Fig. 5d) 18,904 0.6203 (1, 1, 1) 0.2940 0.0068 0

mally onto the ellipsoid using the FECM method [30]. Then, we apply the EDEM
method to compute the ellipsoidal density-equalizing parameterizations. To assess the
area-preserving property of the ellipsoidal parameterizations, we consider the log-area
error for each triangular face T as follows:

darea( f )(T ) = log

(
Area( f (T ))/

∑
T ′∈F Area( f (T ′))

Area(T )/
∑

T ′∈F Area(T ′)

)
. (42)

Here, f denotes the ellipsoidal parameterization and F is the set of all triangular
faces. The normalization factors in the numerator and denominator ensure that a per-
fectly area-preserving mapping would result in darea ≡ 0. In Fig. 6, we present various
genus-0 surfacemodels, the initial ellipsoidal parameterizations, the ellipsoidal param-
eterizations obtained by our EDEMmethod, and the initial and final log-area errors. It
can be observed that the EDEMmethod performs verywell for genus-0 closed surfaces
with complex structures. Specifically, by visually comparing the triangle element dis-
tributions in the initial ellipsoidal parameterizations and the EDEM parameterization
results, it is easy to see that the EDEMmethod achieves amore uniform distribution on
the prescribed ellipsoid. By comparing the initial and final log-area error histograms,
we can also see that the log-area error is significantly reduced by our EDEM method.
For a more quantitative analysis, Table 2 provides detailed statistics on the perfor-
mance of our EDEM algorithm for ellipsoidal area-preserving parameterization. We
can see that the EDEM method can efficiently reduce the log-area error by over 95%
on average when compared to the initial parameterization, and the bijectivity of the
parameterization is well-preserved in all examples. Altogether, the experiments show
that our EDEM method is capable of computing bijective ellipsoidal area-preserving
parameterizations for a large variety of genus-0 closed surfaces.

It is natural to ask whether the performance of our EDEMmethod is affected by the
shape of the target ellipsoid. Here, we map the Hippocampus model to various target
ellipsoids with different elliptic radii using our EDEM method and analyze the area
and angle distortions of the resulting mappings. In Table 3, we report the mean and
variance of the log-area error, as well as the mean value of the norm of the Beltrami
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(a)

(b)

(c)

(d)

Fig. 6 Ellipsoidal area-preserving parameterization of genus-0 closed surfaces obtained by the EDEM
method. Each row shows one example. a The David model with elliptic radii (a, b, c) = (1, 1.2, 1.4).
b The Buddha model with elliptic radii (a, b, c) = (1, 1, 1.4). c The hippocampus model with elliptic radii
(a, b, c) = (1, 1, 2.2). dThe twisted ball model with elliptic radii (a, b, c) = (1, 0.8, 1.4). Left to right: The
input surface mesh, the initial ellipsoidal conformal parameterization obtained by the FECM method [30],
the EDEM result, the histogram of the log-area error darea of the initial ellipsoidal parameterization, and
the histogram of the log-area error darea of the final ellipsoidal parameterization

coefficient |μ|. It can be observed that for all combinations of the elliptic radii, all
mapping results are folding-free and possess low log-area error. This shows that our
EDEMmethod is capable of computing area-preserving parameterizations of genus-0
closed surfaces onto different prescribed ellipsoids. However, if we also take the angle
distortion into consideration, then some differences can be observed. For instance, if
we increase the value of c, we can see that the angle distortion is further reduced.
This experiment suggests that the overall ellipsoidal shape plays an important role and
motivates the need for the proposed EDEQ method, which optimizes the ellipsoidal
geometry and achieves ellipsoidal density-equalizing quasi-conformal maps.
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Table 3 The results of the Hippocampus model obtained by our EDEM algorithm with different elliptic
radii. Here, for different choices of the elliptic radii (a, b, c) of the target ellipsoid, we record the mean
and standard deviation of the final log-area error |darea( f )|, the mean value of the norm of the Beltrami
coefficient |μ|, and the number of overlaps

a b c Mean(|darea( f )|) SD(|darea( f )|) Mean(|μ|) # Overlaps

1 1 1 0.0895 0.1684 0.4443 0

0.7 1 0.1349 0.3481 0.4620 0

1.2 1 0.1042 0.2063 0.4446 0

1 0.8 0.0996 0.1838 0.4709 0

1 1.3 0.0816 0.1518 0.4017 0

1 1.5 0.0730 0.1322 0.3730 0

1 2.2 0.0515 0.0973 0.2862 0

1.3 1.6 0.1484 0.3474 0.4026 0

1.2 1.8 0.1340 0.3179 0.3942 0

1.1 2 0.0975 0.2178 0.3718 0

4.2 Ellipsoidal density-equalizing quasi-conformal map

Next, we test our EDEQ algorithm for computing the ellipsoidal density-equalizing
quasi-conformal mappings. We set α = 5 in the following experiments. In Fig. 7a,

(a)

(b)

Fig. 7 Ellipsoidal density-equalizing quasi-conformal maps of ellipsoidal surfaces. Each row shows one
example. a An example with discontinuous input density. Here, the initial elliptic radii are (a0, b0, c0) =
(1, 1, 2) and the final elliptic radii are (a, b, c) = (1, 1.8973, 2.8163). b An example with continuous
input density. Here, the initial elliptic radii are (a0, b0, c0) = (1, 2, 4) and the final elliptic radii are
(a, b, c) = (1, 1.9888, 4.3110). Left to right: The initial ellipsoidal surface color-coded with the initial
density, the final EDEQ result color-coded with the initial density, the histogram of the initial density, and
the histogram of the final density
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Fig. 8 Ellipsoidal density-equalizing quasi-conformal maps of ellipsoidal surfaces. For each example, the
left figure shows the input surface color-coded with the initial density, and the right figure shows the EDEQ
result color-coded with the initial density. a An ellipsoid with non-uniformly distributed mesh elements
and a prescribed discontinuous density. Here, the initial elliptic radii are (a0, b0, c0) = (1, 1, 1.5) and the
final elliptic radii are (a, b, c) = (1, 1, 1.4250). b An elongated ellipsoid with a prescribed continuous
density. Here, the initial elliptic radii are (a0, b0, c0) = (1, 0.6, 2) and the final elliptic radii are (a, b, c) =
(1, 0.9821, 2.5162). cAn ellipsoid with non-uniformly distributedmesh elements and a complex prescribed
density. Here, the initial elliptic radii are (a0, b0, c0) = (1, 1, 1.5) and the final elliptic radii are (a, b, c) =
(1, 1.0310, 1.0783). d A sphere with a prescribed continuous density. Here, the initial elliptic radii are
(a0, b0, c0) = (1, 1, 1) and the final elliptic radii are (a, b, c) = (1, 1.3095, 0.9100)

we define different populations at different regions on the ellipsoid to obtain a dis-
continuous initial density. Note that the maximum density is three times larger than
the minimum one. It can be observed in the EDEQ mapping result that the shape of
the ellipsoid is changed under the mapping process, while the higher-density domain
expands and the lower-density domain contracts. Comparing the initial and final den-
sity histograms, it can be observed that the density is highly equalized. Figure 7b shows
another example with a continuous initial density defined on an ellipsoid. Under the
EDEQ algorithm, the ellipsoidal shape is stretched along the z-direction and becomes
more elongated, and different regions are expanded or shrunk according to the given
density. From the density histograms, it can again be observed that the mapping result
is highly density-equalizing.

In Fig. 8, we further apply the EDEQmethod to the same set of ellipsoidal examples
in Fig. 5. It can be observed that our EDEQ method produces ellipsoidal density-
equalizing mapping results with both the ellipsoidal geometry and the vertex positions
optimized. For amore quantitative analysis, we record the initial and final elliptic radii,
the variance of the initial and final densities, the mean value of the Beltrami coefficient
μ, and the number of overlaps for all the above-mentioned examples in Table 4. From
the table, we can see that the ellipsoidal shapes are effectively optimized under the
EDEQ method. Furthermore, in addition to possessing a highly density-equalizing
effect as reflected in the variance of the final density, the mapping results also achieve
a low conformal distortion. Specifically, note that the average values of the norm of the
Beltrami coefficient mean(|μ|) in all examples are around 0.2 only, while for general
bijective quasi-conformal maps, the range of |μ| is from 0 to 1, with |μ| = 0 indicating
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(a)

(b)

(c)

Fig. 9 Ellipsoidal area-preserving quasi-conformal parameterization of genus-0 closed surfaces. Each row
shows one example. a The Duck model with initial elliptic radii (a0, b0, c0) = (1, 1, 1.2) and final elliptic
radii (a, b, c) = (1, 1.8797, 1.9511). b The Hippocampus model with initial elliptic radii (a0, b0, c0) =
(1, 1, 1.5) and final elliptic radii (a, b, c) = (1, 0.4487, 2.0513). c The Lion-Vase model with initial elliptic
radii (a0, b0, c0) = (1, 1, 1.4) and final elliptic radii (a, b, c) = (1, 0.47557, 1.6682). Left to right: The
input surface mesh, the initial ellipsoidal conformal parameterization, the final EDEQ result, the histogram
of the log-area error darea of the initial ellipsoidal parameterization, and the histogram of the log-area error
darea of the final ellipsoidal parameterization

that the mapping is conformal and |μ| = 1 indicating that there is a singularity.
Moreover, the |μ| value of our method is significantly smaller than that of fixed shape
methods, indicating that our method can better preserve the local geometric structure.
Hence, we can see that the EDEQ method not only achieves density equalization but
also reduces the conformal distortion of the ellipsoidal mappings.

Next, we consider using the EDEQ method to compute the ellipsoidal area-
preserving parameterizations for genus-0 closed surfaces. For each surface in Fig. 9,
we first conformally map it onto an ellipsoid with some arbitrary elliptic radii using
the FECM method [30]. Then, we apply the EDEQ algorithm with the population set
as the original face area to obtain the ellipsoidal area-preserving parameterizations. It
can be observed that the ellipsoidal shapes are changed significantly under the EDEQ
method. Comparing the initial and final log-area error histograms, we can see that the
mapping results are highly area-preserving.

As the choice of the initial elliptic radii is arbitrary, we can even start with a unit
sphere and run the EDEQ method to eventually obtain an optimal ellipsoidal parame-
terization. In Fig. 10, we consider several genus-0 closed surface models and compute
an initial spherical conformal parameterization. Then, we apply the proposed EDEQ
algorithm to compute an optimal ellipsoidal area-preserving parameterization. It can
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(a)

(b)

(c)

Fig. 10 The shape change of the ellipsoidal parameterization under the proposed EDEQ method. Each row
shows one example. a The Duck model. b The Hippocampus model. c The Lion-Vase model. Left to right:
The input surface mesh, the initial ellipsoidal conformal parameterization, the results after 10, 50, and 100
iterations, and the final EDEQ result

be observed that throughout the EDEQ iterative process, both the ellipsoidal shapes
and the vertex positions on the ellipsoids are changed gradually. For a more quantita-
tive analysis, Table 5 summarizes the performance of our EDEQ algorithm in terms
of the final radii, the initial and final log-area error, the conformal distortion, and the
number of overlaps. Comparing the initial and final log-area error, it can be observed
that the log-area error is significantly reduced in all examples. The mean of the norm
of the Beltrami coefficient |μ| is also small, indicating that the conformal distortion
is low. Besides, the number of overlaps is 0 for all examples, which shows that our
mapping results are all folding-free. In Table 6, we further compare the performance
of the EDEQmethod and the EDEMmethod in terms of the area and conformal distor-
tions, where both methods use the same initial elliptic radii. It can be observed that the
EDEQ method achieves a significantly lower conformal distortion when compared to
the EDEMmethod, while the log-area error remains comparable. Besides, we remark
that since the EDEQ mappings are diffeomorphisms, they preserve the topological
structure between the input genus-0 closed surface and the final ellipsoidal domain.
Therefore, the final results of EDEQ will still be genus-0 closed ellipsoidal surfaces
with a, b, c > 0 and will not become a flat disk. In our experiments, we empirically
tested convergence and observed the radii to asymptotically approach non-zero val-
ues. Altogether, the above experiments demonstrate the effectiveness of our proposed
EDEQ method for ellipsoidal density-equalizing quasi-conformal maps.
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Fig. 11 The surface remeshing results of the Pig model obtained by SCM [9], SDEM [44], ECM [30],
the proposed EDEM method, and the proposed EDEQ method. For each surface, two different views are
provided

5 Application to genus-0 surface remeshing

Note that one important application of surface parameterization is surface remesh-
ing [51]. Specifically, after computing the parameterization of a given surface, one
can generate a high-quality mesh on the parameter domain and use the inverse of the
parameterization mapping to map the mesh onto the input surface, thereby yielding a
remeshed surface. For instance, Sheffer and de Sturler [52] utilized the angle-based
flattening method to compute parameterizations for surface remeshing. Praun and
Hoppe [53] computed spherical parameterization for surface remeshing. Later, differ-
ent point cloud parameterization methods [54, 55] have been developed and applied
to surface meshing. Analogously, our proposed EDEM and EDEQ methods can be
easily applied to genus-0 surface remeshing.

In Figs. 11, 12, 13, and 14,we consider various genus-0 surfacemodels and compare
the remeshing results obtained by different parameterization methods for genus-0
closed surfaces, including spherical conformal mapping (SCM) [9], spherical density-
equalizing mapping (SDEM) [44], ellipsoidal conformal mapping (ECM) [30], our
ellipsoidal density-equalizing mapping (EDEM) method, and our ellipsoidal density-
equalizing quasi-conformalmapping (EDEQ)method. For eachgenus-0 surfacemodel
M inR3 and each parameterization method, denote the parameterization mapping by
f : M → T , where the parameter domain T is either the unit sphere (for SCM and
SDEM) or an ellipsoid (for ECM, EDEM, and EDEQ). Then we construct a regular
triangular mesh T� on T using the DistMesh method [56]. Finally, using the inverse
mappings f −1 : T → M , the regular mesh T� can be mapped back onto M ,
yielding a remeshed surface f −1(T�). For a fair comparison, we enforce the number
of vertices of the triangular mesh generated by DistMesh (and hence the number of
vertices of the final remeshing result) for each method to be approximately 8500 (with
variation < ±1%).

From the remeshing results in Figs. 11, 12, 13, and 14, it can be observed that
the two conformal approaches (SCM and ECM) lead to significantly non-uniform

Fig. 12 The surface remeshing results of the Bear model obtained by SCM [9], SDEM [44], ECM [30],
the proposed EDEM method, and the proposed EDEQ method. For each surface, two different views are
provided
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Fig. 13 The surface remeshing
results of the Hippocampus
model obtained by SCM [9],
SDEM [44], ECM [30], the
proposed EDEM method, and
the proposed EDEQ method. For
each surface, two different views
are provided

remeshing results. Moreover, the shape features near the sharp regions are lost in the
SCM and ECM results. This can be explained by the fact that the conformal mappings
preserve angles but may yield large area distortions. By contrast, the remeshing results
obtained by the density-equalizing approaches (SDEM, EDEM, and EDEQ) are much
more uniform and have a higher mesh quality. The features located near the sharp
regions are well-preserved.

To further compare the remeshing results obtained using the density-equalizing
approaches, Fig. 15 shows the zoom-in images of the SDEM, EDEM, and EDEQ
remeshing results for the Pig, Bear, Hippocampus, and Lion-Vase models. From the
zoom-in images, we can see that the EDEQ remeshing results are more uniform than
the ones by the other two methods, especially in the regions corresponding to certain
sharp features in the surface models. Moreover, comparing the mesh qualities in terms
of the angles of the triangles, it can be observed that the SDEM remeshing results
contain more skinny and irregular triangle elements when compared to the other two
methods. This can be explained by the fact that the SDEM method maps all surfaces
onto the unit sphere regardless of their geometries, which may lead to large geometric
distortions. Also, while the EDEM method allows us to map the surfaces onto a
prescribed ellipsoid, we may need to carefully choose a suitable ellipsoidal shape in
order to reduce both the area and angle distortions of the mappings. By contrast, the
EDEQ method optimizes both the ellipsoidal shape and the mapping onto it, giving
the highest flexibility among the three methods. Therefore, it gives the most uniformly
distributed and regular triangle elements in the remeshing results.

For a more quantitative analysis, we evaluate the surface remeshing performance
of different approaches by considering the shape and size variations of the triangle

Fig. 14 The surface remeshing
results of the Lion-vase model
obtained by SCM [9],
SDEM [44], ECM [30], the
proposed EDEM method, and
the proposed EDEQ method. For
each surface, two different views
are provided
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Fig. 15 Comparison for the surface remeshing results between the SDEM method [44], the proposed
EDEMmethod, and the proposed EDEQmethod. Each row shows one example. For each method, we show
a zoom-in of the remeshed surface obtained by the method to visualize the triangle quality

elements in the remeshed surfaces. Ideally, the triangle elements on the remeshed
surface should be as uniform as possible in terms of their size (i.e., the area of the
triangles) and shape (i.e., the regularity of the triangles). To assess the size variation
of the remeshed surface, we define the size variation measure δsize as follows:

δsize = log

(
Amax

Amin

)
, (43)

where Amax is the maximum triangle area and Amin is the minimum triangle area in
the remeshed surface. It is easy to see that δsize ≥ 0 for any remeshed surface, and the
equality holds if and only if Amax = Amin, i.e., all triangle elements of the remeshed
surface are equal in size. This shows that δsize can effectively capture the size variation
in the remeshed surface.
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To assess the shape variation, we first define the face regularity Ri for each face Ti
of the remeshed surface as follows:

Ri =
3∑
j=1

∣∣∣∣∣
eij

ei1 + ei2 + ei3
− 1

3

∣∣∣∣∣ , (44)

where ei1, e
i
2, e

i
3 represent the length of the three edges of Ti . Note that Ri = 0 if and

only if Ti is an equilateral triangle. Then, we define the shape variation measure δshape
of the entire remeshed surface as

δshape = mean
i

(Ri ). (45)

It is easy to see that δshape ≥ 0 for any remeshed surface, and the equality holds if
and only if all triangles in the remeshed surface are equilateral. Therefore, δshape can
effectively quantify the overall shape variation of the remeshed surface.

Table 7 records the values of δsize and δshape for all remeshing results shown in
Figs. 11, 12, 13, and 14. For the two conformal approaches (SCM and ECM), it can
be observed that the values of δshape are small, but the values of δsize are large, which
means the remeshing results obtained by those two methods are highly non-uniform
in size. By contrast, the values of δsize for the three density-equalizing approaches
(SDEM, EDEM, and EDEQ) are small. This demonstrates the advantage of utilizing
density-equalizingmaps for surface remeshing. Furthermore, by considering both δsize
and δshape for the three density-equalizing methods, it can be observed that the EDEQ
method gives the best overall remeshing performance among the threemethods, which
also matches our observations in Fig. 15.

6 Discussion

In this work, we have proposed a novel method for computing bijective ellipsoidal
density-equalizing maps (EDEM) for genus-0 closed surfaces. Using this approach,
we can efficiently obtain parameterizations with different desired mapping effects,
including ellipsoidal area-preserving parameterizations and ellipsoidal parameteriza-
tions with controlled area change. Also, by considering a combined energy involving
both a density-equalizing term and a quasi-conformal term, we can achieve ellipsoidal
density-equalizing quasi-conformalmaps (EDEQ) balancing the angle and area distor-
tions. Experimental results on various ellipsoidal surfaces and genus-0 closed surface
models have demonstrated the effectiveness of our proposed methods.

Our proposed methods have broad applicability across various scientific and engi-
neering domains. As shown in the previous section, our methods can be applied to
surface remeshing for genus-0 closed surfaces with significantly improved mesh qual-
ity. Besides, the proposed methods can be applied to texture mapping in the field
of computer graphics. In particular, since the proposed methods can reduce the area
and angle distortions of the parameterization of genus-0 closed surfaces, high-quality
texture mapping results can be effectively obtained. Also, as demonstrated by our

123



   30 Page 34 of 37 Z. Lyu et al.

Table 7 Comparison between the surface remeshing results obtained by SCM [9], ECM [30], SDEM [44],
EDEM, and EDEQ. For each method, we record the shape variation measure δshape and the size variation
measure δsize

Surface Method Shape variation δshape Size variation δsize

Pig (Fig. 11) SCM 0.0499 4.5846

ECM 0.0505 4.7123

SDEM 0.1562 3.3251

EDEM 0.1493 2.4706

EDEQ 0.1478 1.4218

Bear (Fig. 12) SCM 0.0535 3.7168

ECM 0.0526 3.9181

SDEM 0.1296 1.9349

EDEM 0.1282 1.4401

EDEQ 0.1263 1.3977

Hippocampus (Fig. 13) SCM 0.0546 7.7204

ECM 0.0549 7.0796

SDEM 0.2593 4.1060

EDEM 0.2428 1.3482

EDEQ 0.1568 1.2508

Lion-Vase (Fig. 14) SCM 0.0587 5.5245

ECM 0.0576 5.4088

SDEM 0.1744 2.9125

EDEM 0.1583 1.7410

EDEQ 0.1249 1.7081

experiments on the Hippocampus model, our proposed methods are well-suited for
the analysis of complex anatomical structures in medical imaging. Moreover, analo-
gous to the prior works on density-equalizing map projection, our EDEM and EDEQ
methods can be naturally applied to cartogram creation, data visualization, and geo-
physical surface modeling.

We remark that while our proposed methods have considered both the density-
equalizing property and the quasi-conformality, landmark-matching constraints have
not been incorporated into our formulations. In the future, we plan to further extend
ourmethods to facilitate landmark-matching surface parameterization and surface reg-
istration. Besides, note that some practical applications may involve curvature-based
surface registrations, which use curvature to guide the registration process between
surfaces. By combining curvature-based energies and our proposed density-based and
quasi-conformal energies, it may be possible to extend ourmodel to achieve curvature-
based surface registrations with controlled area change for surfaces with extreme
geometries. We also plan to perform more theoretical analyses on the convergence of
our proposed algorithms in future work.
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