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ABSTRACT

Knitted fabrics exemplify a broad class of architected materials capable of large deformations, enabling shape
morphing, mechanical biocompatibility, and embedded multifunctionality without material damage. Although
geometric nonlinearity has been intuitively utilized in their design, a quantitative description of stitch-resolved
deformation and its temporal evolution remains lacking. Here, we introduce a geometric quantification frame-
work that reconstructs smooth yarn centerlines and fabric surfaces from sparse yarn-level representations and
extracts interpretable descriptors across dimensions. Applied to representative knitted structures, this framework
resolves how global deformation is distributed among stitch reorientation, loop bending, surface bending, and
dilation. Moreover, it reveals how regions of large geometric variation emerge, persist, and redistribute over time.
Rather than directly measuring stress, these geometric descriptors define a unified geometric state space for com-
paring knitted structures and identifying candidate regions of mechanical localization. The framework provides
a quantitative language for nonlinear deformation in knits and establishes a geometry-based representation that
can be coupled to constitutive models, experimental measurements, and graph-based inverse-design workflows.

1. Introduction

Architected materials whose mechanical behavior arises from ge-
ometry rather than composition [1] have opened new possibilities for
designing extremely deformable [2-4], shape morphing [5-8], and
multifunctional systems [9-11]. Among these, knitted fabrics, an ev-
eryday object yet a complex multiscale system, stand out as structural
candidates for soft robots [12-14], wearable sensors [15-18], and
biomimetic devices [19-21]. Their ability to undergo large, reversible,
and anisotropic deformations while maintaining structural integrity
makes them promising. A quantitative understanding of how knitted
fabrics respond to external loading through localized shape, deforma-
tion, and redistribution over space and time is essential to guide inverse
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design. Prior work has developed topology-level representations for knit-
ted textiles [22-24], providing a foundation for assembly language and
property analysis. However, a general framework for quantifying how
such knitted geometries deform locally and evolve stitch by stitch un-
der loading remains limited, particularly as knitted materials exhibit
geometrically complex deformation processes [25,26].

Yarn-based simulations [27-29] have provided powerful computa-
tional tools to probe these processes at the micro-mechanical level. Ding
et al. [29] tracked both the alignment of the yarn segments with the
loading direction and the stretching of the individual yarn segments,
which offered insights into the evolution of localized stress concen-
trations. Experimental techniques for tracking mechanical hot spots,
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Fig. 1. An illustration of our geometric quantification framework. (a) Conceptual workflow motivating the quantification of localized mechanical responses in hybrid
fabrics, such as guiding the inverse design of an optimally conformable patch for cyclists during training sessions. A knitted sleeve undergoes temporal evolution
under large deformation while exhibiting spatial variation represented by local constitutive responses. Representative unit cells (RUC) are selected from the design
library of knitted fabrics consisting of Jersey, garter, rib, and seed. The geometric models and deformation data are adapted from [29]. (b) Descriptors of a unit stitch
centerline include the local bending curvature (x), which measures how much the centerline curve is bending in the osculating plane, and the torsion (r), which
measures how much the centerline curve is twisting out of the osculating plane. Here, ¢ = df/ds, where s is the arc length and 6(s) is the angle of rotation of the
osculating plane around the tangent line. (c) Illustration of the surface curvatures (mean curvature, H, and Gaussian curvature, K) of a unit stitch. (d) Illustration of

the volume of a unit stitch.

mainly optical tracking methods, have been widely adopted for sur-
face strain analysis [30,31]. However, their reliance on image texture
limits accurate quantification of textiles, which are often challenged by
self-occlusion and significant out-of-plane deformation caused by fabric
boundary warping. Conversely, micro-computed tomography [32] pro-
vides detailed microstructural data, yet it tends to be resource-intensive
and restricted to small-scale samples.

In this work, we develop a geometric quantification framework for
measuring and analyzing the deformation of knitted fabric structures
(Fig. 1) stitch by stitch. From this representation, we extract non-
affine metrics that quantify stitch reorientation, anisotropic stretching,
and out-of-plane bending, geometric features that are often otherwise
homogenized. By abstracting the geometry across dimensions, our ap-
proach bridges the gap between yarn-scale and fabric-scale parameters.
It enables the identification and tracking of geometric hot spots, namely
regions of persistent localized variation, and provides a basis for in-
ferring stress and energy localization when coupled with constitutive
modeling. We demonstrate the framework on four canonical knitting
patterns, two mixed-pattern fabrics, and a cylindrical knitted actuator.
Compared with texture-dependent approaches, this framework yields
continuous geometric fields even in regions affected by weak texture,
self-occlusion, or out-of-plane motion. Because the resulting descrip-
tors are defined on stitches and their connectivity, the framework is
naturally compatible with graph-based learning for inverse design and
damage analysis [33-35]. Meanwhile, our framework can achieve stitch-
level curve reconstruction and geometric quantification of fabric and
fiber structures, and help reveal the geometric mechanism of how
structural parameters affect macroscopic properties, thereby facilitating
relevant research in geometrically programmed architectures [36,37].

Beyond textiles, our framework offers a generalizable methodology
for tracking dynamic deformation and reversible recovery processes
of reconfigurable metamaterials [38] and quantifying heterogeneous
deformation in other flexible systems [39,40], where complex shape
changes challenge traditional measurement approaches. Moreover, the
geometric features extracted from our framework provide reliable vali-
dation benchmarks for model training, which can be effectively used for
data-driven structural design [41].

2. Results

The quantification methods used to generate spatial and temporal
analyses presented in this work are fully detailed in the Methods section.
Simulated deformation data from uniaxially stretching a total of six
representative 2.5D fabrics (adapted from [29]) and bending a 3D knit-
ted actuator are first reconstructed into a generalized two-dimensional
matrix; then stitch-by-stitch descriptors are computed and visualized
as heat maps showing spatial information and line graphs showing
temporal information. The boundary layers that were tethered during
simulation, specifically the top two and bottom two layers, were ex-
cluded to minimize boundary effects. To avoid cancellation, all averages
in the following sections are taken over absolute values.

2.1. Spatial variation of 2.5D fabrics

2.1.1. Anisotropic responses

Across all four representative knitted patterns (jersey, garter, rib,
seed), we observe pronounced anisotropy that is naturally captured
as directional bias. Under uniaxial loading, the manifold-based fields
reveal that deformation is not uniformly accommodated by stretch
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Fig. 2. Quantification of the anisotropic mechanical responses in the Jersey pattern. (a) The Jersey pattern. (b)-(f) Spatial distribution of temporal changes in five
representative quantities under tensile strain from 0% to 120%, where the color of each cell denotes the total change in the geometric quantity for the corresponding
stitch: (b) Curve curvature. (¢) Curve torsion. (d) Gaussian curvature. (e) Area. (f) Volume. Loading directions: [I] Course-wise tension. [II] Wale-wise tension. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 3. Heterogeneous mechanical responses and hot spots of Gaussian curvature under wale-wise tension. (a)-(d) Gaussian curvature change in Jersey fabric with
20%, 60%, 80%, and 120% wale-wise tensile strain. (e) Time-aggregated maps of changes in Gaussian curvature for Jersey fabric, generated by overlaying normalized
heat maps acquired during successive tensile loading at 0%, 20%, 40%, 60%, 80%, 100%, and 120% strain with applied spatial smoothing. (f) Time-aggregated maps
of changes in Gaussian curvature for garter fabric. (g) Time-aggregated maps of changes in Gaussian curvature for rib fabric. (h) Time-aggregated maps of changes

in Gaussian curvature for seed fabric.

(shown as area and volume changes) alone: instead, it partitions into a
combination of (i) stitch reorientation characterized by torsion 7, (ii) lo-
calized curve bending and straightening quantified by curve curvature
k, and (iii) surface bending jointly quantified by surface curvatures
(Gaussian curvature K and mean curvature H). The relative dominance
of these mechanisms depends on knitted structure topology and loading
direction.

In general, when fabrics are subjected to course-wise tension, we
see stripe-like spatial gradients appearing regularly in all geometric
descriptors, showing simultaneous responses from stitch reorientation,
localized curve bending, and surface bending (Fig. 2(b)-(f): [I]). By
contrast, when fabrics are subjected to wale-wise tension, the overall
changes are more complicated. As illustrated in Fig. 2(b)-(f): [II], there
is a lack of a shared general trend across all descriptors, showing the
interplay of multiple mechanisms. Curve torsion seems to have the most
varied spatial distribution, indicating that stitch reorientation dominates
the overall mechanical response.

Importantly, these anisotropic signatures emerge directly from geo-
metric observables defined on the manifold, providing a pattern-agnostic
way (results on garter, rib, and seed in SI Section S4 and Fig. S10-S12)
to compare knit architectures using a common descriptor set.

2.1.2. Heterogeneous responses

Beyond global anisotropy, the fabrics exhibit strong spatial hetero-
geneity, particularly when they are loaded wale-wise. Fig. 3(a)-(d) show
through the example of a jersey pattern that large variations in Gaussian
curvature, K, localize into spatially concentrated regions. We refer
to these regions as geometric hot spots, namely stitch neighborhoods

that sustain large absolute geometric variation over multiple loading
increments.

To visualize persistence, in Fig. 3(e)—(f) we overlay the normalized
heat maps from successive loading steps and apply spatial smoothing to
obtain time-aggregated maps of large |AK| for all four representative
patterns (jersey, garter, rib, seed). The normalized matrix for generat-
ing the heatmap is derived by normalizing the change in each quantity
relative to the initial frame, defined as AQ, = Q, — Q,. It is then divided
by the initial value to yield the percentage change relative to the initial
state, expressed by the formula P, = AQ—QO'. The resulting fields do not di-

rectly measure stress or stored energy; instead, they identify candidate
regions of geometric localization that persist throughout deformation.
Across patterns, these persistent regions remain spatially structured
rather than random, indicating that localization is constrained by stitch
topology and connectivity (see also SI Section S4 and Fig. S13-S16).

This geometric viewpoint is useful for two reasons. First, it reveals
where deformation is repeatedly concentrated, thus predicting poten-
tial structural vulnerabilities within the material. Second, it provides
a common language for comparing how different knit architectures
redistribute deformation.

2.1.3. Responses from mixed-pattern fabrics

Besides considering the four representative knitted patterns (jersey,
garter, rib, seed) separately, it is also natural to analyze fabrics com-
posed of multiple patterns. Here we consider two mixed-pattern fabrics
made of jersey and garter (Fig. 4):

« Pattern A (Fig. 4(a)): A mixed pattern with the top half being jersey
and the bottom half being garter.
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Fig. 4. Quantifying the mechanical responses from mixed-pattern fabrics. Spatial distribution of geometric quantity changes in two mixed-pattern fabrics under
wale-wise uniaxial tensile strain from 0% to 180%. (a) Visualization for pattern A. (b) Visualization for pattern B. (c) curve curvature change for pattern A. (d) curve
curvature change for pattern B. (e) aspect ratio change for pattern A. (f) aspect ratio change for pattern B. (g) volume change for pattern A. (h) volume change for

pattern B.

« Pattern B (Fig. 4(b)): A mixed pattern with the top and bottom
quarters being jersey and the middle half being garter.

Fig. 4(c)—(h) shows that the mixed fabrics do not respond as a sim-
ple spatial average of their constituents (see also SI Section S4 and
Fig. S17). Instead, each stitch type retains a characteristic response
signature while the interfaces between stitch domains reorganize the
overall field. In both patterns, the garter regions display oblique bands
of geometric activity and comparatively stronger variation in volume,
whereas the jersey regions exhibit a more spatially uniform response
together with larger changes in curve curvature. This contrast is con-
sistent with a stronger contribution from dilation and rearrangement in
garter-dominated domains, and a stronger contribution from localized
loop bending and straightening in jersey-dominated domains.

A second notable feature is the reproducibility of the response within
repeated domains of the same stitch type. In Pattern B (Fig. 4(b)), for
example, the two outer jersey regions exhibit qualitatively similar dis-
tributions of curvature, aspect ratio, and volume variation despite being
separated by a garter region. This preservation of stitch-specific response
signatures suggests that the proposed descriptor set can separate intrin-
sic pattern behavior from the additional localization induced by pattern
interfaces.

These observations are relevant for design. Mixed-pattern fabrics are
often used to program heterogeneous compliance, fit, and actuation, and
the present framework resolves not only where deformation is concen-
trated, but also which geometric mode dominates in each subdomain.
This provides a practical means to compare candidate multi-pattern
layouts before coupling them into a full mechanical or inverse-design
pipeline.

2.2. Temporal change of the spatial variation of 2.5D fabrics: onset and
evolution of geometric hot spots

We next characterize how mechanical responses evolve over time
under monotonically increasing uniaxial load. The line plots in Fig. 5

summarize the course-wise and wale-wise evolution of k, 7, K, area, and
volume for a jersey knit, respectively (see SI Section S4 and Fig. S18-S20
for garter, rib, and seed knits).

Two trends are evident. First, the temporal evolution is descrip-
tor dependent: some quantities vary smoothly with load, whereas
others exhibit non-monotonic behavior, indicating redistribution be-
tween reorientation, bending, and dilation as deformation proceeds.
Second, the evolution is loading-direction dependent. In jersey, course-
wise loading produces comparatively regular trends across descriptors,
consistent with the stripe-like spatial patterns previously observed in
Fig. 2, whereas wale-wise loading generates more irregular temporal
signatures, reflecting stronger competition among local deformation
modes.

Taken together with the heat maps, these curves suggest that ge-
ometric localization develops progressively rather than appearing in-
stantaneously. Early loading is accompanied by broadly distributed
reorientation, after which localized bending and surface-shape changes
become more pronounced at selected stitch neighborhoods. We there-
fore interpret the temporal response as an onset-and-redistribution
process: load is initially accommodated by diffuse geometric rearrange-
ment and subsequently reorganized into more spatially heterogeneous
descriptor fields. In this sense, when localization emerges is as important
as where it emerges, and both require stitch-resolved geometric tracking.

2.3. Spatial and temporal variations of a 3D knit

Finally, we extend the framework from planar fabrics to a 3D
cylindrical knitted structure that is typically deployed as a pneumatic
actuator. In Fig. 6, we summarize the analysis using the aforementioned
geometric quantification methods. Here, we focus on the shape changes
of the structure along the radial and axial directions (Fig. 6(a)). This 3D
knit exhibits pronounced regionalization: spatial maps (Fig. 6(b)-(h)) re-
veal zones dominated by bending (reflected in high « values (b)), zones
dominated by anisotropic stretching (reflected by aspect ratio change
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curvature, k. (b) Curve torsion, 7. (c) Gaussian curvature, K. (d) Area. (e) Volume. Loading directions: [I] Course-wise. [II] Wale-wise. In each of (a)-(e), the left plot
corresponds to course-wise variation and the right plot corresponds to wale-wise variation.
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(e)), and zones dominated by dilation (reflected in distinctive stitch area
and volume increases in (d) and (h)), with transitions that correlate with
global geometric features.

As for the temporal evolution, Fig. 6(i)—-(0) reveals a consistent
descriptor-dependent pattern: quantities including curve curvature,
area, aspect ratio, and volume exhibit smooth, monotonic variations
throughout loading, while curve torsion, Gaussian curvature, and mean
curvature display distinct fluctuating behavior. Notably, spatial varia-
tions of these quantities along the axial direction stabilize by the end of
the bending process, which can be modeled using the previous results
of 2.5D fabric. Here, each axial strip can be treated as an element un-
dergoing uniaxial stretching (with an extra bending force), exhibiting a
clear two-stage deformation process: [I]: curve reorientation, bending,
and straightening, with surface bending. [II]: yarn dilation with surface
bending. In contrast, radial spatial variations are far more complex and
do not reach a stable state in most quantities, as each circular segment

undergoes partial expansion at the outer edge and partial contraction at
the inner edge.

3. Discussion

The central contribution of this work is a stitch-resolved geomet-
ric framework for representing nonlinear deformation in knitted fabrics
through a small set of interpretable local descriptors. Rather than re-
ducing the response to a single homogenized strain field, the framework
resolves how global loading is partitioned among reorientation, bending,
surface reconfiguration, and dilation. This decomposition is useful be-
cause different knit architectures may accommodate the same external
loading through different local geometric mechanisms.

The results on four representative knitted patterns show that both
anisotropy and heterogeneity emerge naturally when these descriptors
are analyzed at stitch resolution. The mixed-pattern examples further
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show that stitch-type-specific response signatures persist inside multi-
pattern layouts, while interfaces between stitch domains introduce
additional localization. The extension to a 3D knitted actuator highlights
an additional coupling between local stitch topology and global em-
bedding geometry: bending, aspect-ratio change, and dilation become
regionally biased when the same stitch architecture is placed on a curved
body.

An important point is interpretive scope. The quantities computed
here are geometric observables. They identify regions of persistent geo-
metric concentration and therefore provide candidate sites of mechani-
cal localization. For instance, at the yarn level, consider an infinitesimal
yarn segment with total elastic energy defined as

Elolal = Es + Eb + Et’ (1)
where the tensile, bending, and torsional potential energies follow

1 1 1
E, = EE,cx/elzml(s)cls, E, = zEl/lcz(s)ds, E = 5(;J/rz(s)cls.

(2

Here, E is the Young’s Modulus, A is the cross-sectional area, €., is
the local axial strain, I is the second moment of inertia, G is the shear
modulus, and J is the torsional constant. Therefore, changes in curve
curvature and torsion are related to the redistribution of yarn segment
elastic energy. At the surface level, our quantification of the area varia-
tion can be effectively used for interpreting the accumulation of in-plane
strain localization via

AA x &) + &y, 3

where AA is the area change rate, and ¢, and ¢, are the in-plane
principal strains. At the spatial scale, abnormal unit volume variations
quantified by our method can indicate pre-instability stitch structural
distortions, including inter-yarn slippage-induced relaxation, stitch tor-
sion, and folding, which disrupt the ordered fabric architecture and alter
inter-stitch constraints.

Establishing such constitutive links will require coupling the present
geometric state space to yarn mechanics, contact, friction, and dis-
sipation, or validating the descriptors against experimental full-field
measurements and failure data. A feasible strategy is to compare the
candidate localization regions identified by geometric descriptors with
experimentally measured full-field mechanical localization maps that
precisely capture the occurrence of strain concentration and instabil-
ity. The geometric-mechanical correspondence and the early-warning
timeliness of geometric indicators can then be quantitatively verified by
evaluating both the spatial overlap ratio and the onset time difference
between the two sets of regions. We view the present framework as a
quantitative geometric layer that makes such future couplings possible.

This perspective nonetheless has immediate practical value with var-
ious applicable scenarios. Leveraging its cross-topology applicability,
precise differentiation of geometric properties across distinct knitting
regions, and stable tracking of structural evolution at interfaces, this
quantification framework enables effective detection of localized me-
chanical regions in non-uniform knitted topologies. Regarding textile
structures, the curve reconstruction method also applies to multi-layer
fabrics, with additional labels to distinguish nodes on distinct yarns.
For time scale selection, although the proposed framework is devel-
oped from quasi-static equilibrium data, its core methodology is not
constrained by the loading type. For instance, it is fully compatible with
cyclic loading conditions in the quasi-static regime and is expected to be
more advantageous than optical-based methods, which may be affected
by occlusion. The framework may also be applied to dynamic loading
scenarios given high-frequency sampling data [42]. Moreover, the curve
reconstruction method reduces the number of nodes required to capture
yarn structures, enabling a sparse node displacement tracking strat-
egy that reduces the single-frame data volume during acquisition. Also,
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because the representation is defined on stitches and their connectiv-
ity, it is naturally compatible with graph-based learning, reduced-order
modeling, and inverse design [33-35]. One can, for example, use the
framework to analyze experimental data by correlating extracted geo-
metric characteristics with mechanically tested stress-strain curves and
identifying the dominant geometric features of mechanical properties.
This provides a quantitative basis for searching pattern layouts that re-
alize the prescribed target spatial distributions of geometric descriptors,
or using persistent geometric localization regions as features to iden-
tify candidate design constraints in wearables and soft robotic textiles.
Another feasible application lies in finite element modeling, where the
extracted geometric parameters augment the formulation of elastic en-
ergy density for amorphous and heterogeneous materials such as knitted
polymer composites [43-46].

Given the wide applicability of the present work, several notable
improvement strategies can be outlined for future research directions.
For example, replacing rectangular heatmaps with topological graphs
mapped to actual stitch positions and densities will yield more reliable
results. Moreover, the randomness of loop relaxation and deformation,
alongside complex behaviors like buckling, exceeds the scope of the cur-
rent model. Therefore, investigations into these special scenarios can
provide a more complete understanding of fabric structure.

Methods

In this section, we describe our proposed methods for quantifying
the change in unit fabrics under force, including reconstructing the unit
fabric, defining and constructing the unit surface, calculating quantities
related to the size and shape of unit fabrics, and measuring and analyzing
the spatial and temporal variations of those quantities.

Curve quantification

To develop an analytical workflow applicable to general textile struc-
tures, we first developed a curve reconstruction method. This method
can be employed to reconstruct a smooth curve when the data points
are too sparse (e.g., in our test data, only 16 input points are available
for each unit cell). The generated curves provide an accurate approxima-
tion of the yarn spatial structure, which can be used for subsequent fabric
structure analysis and computational validation. At the same time, they
also serve as smooth boundaries of the unit surface, offering a reliable
basis for the subsequent calculation of the surface-based quantities. See
SI Section S1 and Fig. S1-S2 for more details on the curve quantification
methods.

Smooth curve reconstruction by B-spline

Given the coordinates of several nodes on the fabric sample, we per-
form a least-squares B-spline approximation to reconstruct a smooth
curve model to describe the geometrical structure of the yarn. This ap-
proach relies solely on the given data points representing the fabric
structure, without any smoothness requirements, making it applicable
to general datasets. Additionally, the order of the approximated B-spline
curve can be adjusted to a suitable value under specific smoothness
requirements, while avoiding overfitting.

Curve curvature and torsion quantification

To study the geometric properties of the fabric, we first investigate
its structure by performing geometrical quantification on a curve level.
In particular, the curve curvature measures the degree of bending of a
curve at a given point, while the curve torsion describes the extent to
which a curve deviates from being planar, that is, the “twisting” char-
acteristic of the curve. Therefore, computing the curvature and torsion
of the reconstructed curve model will provide a local shape description
of the yarn. To achieve this, dense sampling points from the previously
constructed curve model are employed to formulate closely located local
Frenet frames, which are used to calculate the curvature and torsion at
each of the sampling points.
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Surface quantification

To accurately extract the surface features of a unit area formed by
an irregularly shaped stitch, we explored several surface reconstruction
methods. We found that the hybrid technique combining B-spline and
ruled surface is the most effective for preserving boundary smoothness
with meaningful surface definition. See SI Section S2, Fig. S3-S8, and
Table S1-S2 for more details of the surface quantification methods with
comparisons.

Triangulation

We first use the given sample points to construct a coarse triangula-
tion in each unit fabric. The resulting values are then used as reference
values to compare with other results to assess the feasibility of each area
computation method.

Bézier surface

To achieve a more accurate unit area computation, we attempt to
construct a Bézier surface from given nodal points. To employ the third-
order Bézier curve twice, we select 16 points (using either the given
nodes or the middle or quadrisection points between two nodes), and
divide them into four groups of four points. Then, points in each group
serve as control points to generate a Bézier curve. After generating four
curves, we combine them into a surface control mesh by selecting one
point from each curve at a time to get a new set of four points as con-
trol points. Using the new control points, a new Bézier curve can be
constructed. By iterating through the curve points in this manner, it con-
structs a surface mesh that intersects the original curve, progressively
forming the surface.

Despite the simplicity of the method mentioned above, issues re-
garding precision are encountered. First, note that the Bézier surface
generated by this method exhibits significant deviation from the control
points, which arises from the nature of the Bézier curve in that it can
only fit precisely with the first and last control points while deviating
from those intermediate points. If the 16 given control points are used
directly, the constructed surface can only coincide with the four corner
points, while the twelve intermediate points remain too distant from
the surface. Hence, the generated surface fails to precisely fit the target
unit surface. Also, we tested the approach of partitioning the 16 points
into seven sets of four points each to achieve a better fit. In that case,
the constructed surface will exhibit unsmoothness at each shared edge
of adjacent quadrilaterals. As a result, the calculated area will also be
inaccurate, roughly equivalent to those obtained with direct triangula-
tion, and hence is not ideal. Moreover, sharp transitions will occur at
the shared edges of adjacent quadrilaterals, causing significant errors in
surface curvature calculations. Finally, this two-parameter mesh surface
construction method may result in distorted or self-intersecting surfaces,
since it computes the mesh grid directly according to the input order,
irrespective of any spatial characteristics of the nodes.

Improved Bézier surface

Given the limitations of the methods above, we aim to improve the
construction methods for Bézier surfaces. Instead of using the original
nodes directly as control points, we select new control points before
forming the Bézier curve. We first perform parameterization to restrict
the range of the control points, and then compute the bicubic form of
the basis function matrix for the Bézier curve. Using the bicubic basis
function matrix and the coordinates of the original nodes, we solve for
the least-squares solution for the new control points using the pseudo-
inverse matrix. As a consequence, the new Bézier curve will have the
smallest deviation from the given nodes.

Through the aforementioned improvements, we have resolved the
issue of excessive deviation between the surface and control points.
Simultaneously, by selecting the new control points and imposing con-
straints on the spatial order of control points, specifically requiring that
the x-coordinates of control points in each row and the y-coordinates in
each column be arranged in ascending order, we have addressed surface
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distortion and self-intersection concerns. Nevertheless, this approach
still possesses certain drawbacks. First, discretizing the parameter u
with a fixed step size may result in insufficient precision or unsatis-
factory computation speed, such as failing to achieve a finer mesh in
regions of high curvature, or low efficiency if better accuracy is re-
quired. Therefore, adaptive step size adjustment is needed for better
performance. Second, the point cloud generated by the above approach
will extend beyond the unit surface region as a result of the mesh gener-
ation step. Specifically, in the method, we first form the u, v grid based
0N Xpnin < Xpoint < Xmax @0 Yioin < Ypoint < Ymax» €DSUring the generated
surface projects as a rectangle onto the x-y plane. Consequently, we need
to add extra boundaries to each Bézier curve to find the surface with the
fabric being its boundary curve.

To calculate the surface area of the unit surface depicted by the point
cloud generated as above, the Delaunay triangulation can be considered.
The points are projected onto a certain plane (e.g., the x-y plane) before
performing the Delaunay triangulation. Consequently, this method re-
quires dividing the surface into partitions whose projections onto the
x-y plane are all convex hulls, and we also need to find suitable projec-
tion angles to ensure the corresponding surface returned is the correct
one we desire. However, the multilayer structure and the continuous
rotation of the unit fabric make the partition and projection steps com-
plicated, as it is hard to find suitable projection angles. Hence, a more
sophisticated algorithm, including adaptive step size, restricted Bézier
curves, and a partition and projection scheme for the generated point
cloud, is needed if we want to proceed with this surface reconstruction
method. In consideration of the above shortcomings, we aim to explore
more direct and efficient methods for surface construction.

Ruled surface

As we have reconstructed the boundary curve using the B-spline
curve during the curve smoothing procedure, we may utilize the pre-
vious result to gain a consistent definition of the unit surface. At the
same time, inspired by the idea of fitting surfaces with multiple curves
from the aforementioned Bézier surfaces, we hope to start from the set of
boundary points and obtain a unit surface through drawing dense lines.

In earlier computations, we attained the coordinates of a set of points
on the boundary curve. Using this known result, the cubic spline that de-
picts the yarn itself will be defined as the directrix of the ruled surface,
whereas every two points will be connected in a head-to-tail manner as a
pair to form segments as generators. Having drawn the surface using the
above method, we then take n, equally spaced points on each generator.
In this way, we obtain a mesh of sampling points on the ruled surface
with the boundary curve being the given B-spline curve. A finer mesh
could be obtained with a larger number of sampling points on the bound-
ary curve and generators, and consequently, surface reconstruction with
higher precision can be achieved.

Unit area calculation by the B-spline boundary curve

Following the aforementioned convention of constructing the unit
surface as the ruled surface, whose boundary curve is the reconstructed
B-spline curve, we form the triangulation using points on the boundary
curve. Using more sampling points, we could decompose the ruled sur-
face into a triangular mesh similar to the direct triangulation with 16
nodes, while gaining a more refined triangulation and thus a more ac-
curate result. Calculating the area of each triangle and summing them
up will give the approximate unit area defined by the ruled surface.
This method ensures that the triangular mesh has no overlaps and fully
covers the unit area bounded by the B-spline curve, consistent with the
previous definition of the ruled surface.

Surface curvature quantification

Through the ruled surface reconstruction, we obtain a surface mesh.
With the vertex coordinates of the surface mesh, the partial derivatives
can be calculated using the finite difference method. Then, the coeffi-
cients of the first and second fundamental forms of the surface at discrete
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points can be calculated accordingly, from which we can obtain the
surface Gaussian curvature and surface mean curvature.

Volume quantification

In this section, we aim to calculate the volume and aspect ratio of a
unit fabric, which will provide important information about the shape
and size of the unit fabric. However, neither curves nor surfaces have
a definition of volume. Therefore, we considered different definitions
and examined their accuracy and adaptability to complex structures and
varying spatial positions. See SI Section S3, Fig. S9 and Table S3 for more
details on the volume quantification methods with comparisons.

Axis-aligned bounding box

We first consider the axis-aligned bounding box approach, in which
a box with edges parallel to the coordinate axes is used to enclose the
given unit fabric. Then, we can use the bounding box to compute the
volume of a unit fabric, and the aspect ratio is given by the length-to-
width ratio of the bounding box. Correspondingly, the centroid of the
bounding box is used as the position of the unit fabric for subsequent
analysis.

Although the above method is conceptually and computationally
simple, it has a notable limitation. Specifically, as the bounding box is
always aligned with the coordinate axes, it cannot fit tightly to irregu-
larly shaped objects. Note that the unit fabric has a sheet-like structure
sensitive to rotation, so the bounding box will contain a lot of redundant
space in some states. Moreover, the cylindrical fabric considered in our
work has unit fabrics with different angles, and hence this method may
lead to significant errors in volume calculation.

Minimal bounding box

Another approach is to consider the minimal bounding box, which
does not depend on the alignment with the coordinate axes. Specifically,
the minimal bounding box for a set of points is the smallest orientation-
free rectangular box that completely encloses all points in the 3D space.
It can be rotated to align with the principal directions of the point set,
thereby providing a tighter fit.

After obtaining the minimal bounding box, we can calculate its
volume using its dimensions. Also, using the centroid of the minimal
bounding box, we can define the position of the unit fabric. As for the
aspect ratio, recall that we used the length-to-width ratio of the bound-
ing box in the previous approach. However, since the minimal bounding
box is not necessarily aligned with the coordinate axes, there is an am-
biguity in the definition of “length” and “width”. To resolve this issue,
we calculate the aspect ratio as the ratio of the maximum distance of
points in the point cloud along the x and y directions.

Although this approach can effectively reduce the error caused by
the rotation of the fabric pieces, it cannot account for the complex struc-
ture of the units and may still contain a lot of redundant space, thereby
leading to inaccuracies in the volume calculation.

Convex hull

Noticing the drawbacks of the two above-mentioned approaches, we
further consider using the convex hull to compute the volume. In three-
dimensional space, the convex hull of a point cloud refers to the smallest
convex polyhedron that contains all the points in the set. This means
that the line segment connecting any two points in the point cloud is a
subset of the convex hull, and its vertices form several convex polygonal
faces. Using this method, we can reduce redundant space and make the
calculation more adaptable to irregular shapes.

Quantifying spatial and temporal variations

After quantifying the geometric features of the unit fabrics using the
above curve, surface, and volume-based methods, we aim to analyze the
mechanical properties of each fabric by comparing how these quantities
change in each unit under external forces. To achieve this, we measure
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both temporal and spatial changes in the above quantities, and create
heatmaps and line graphs for illustration.

More specifically, we have a consistent temporal framework to for-
malize the calculation of temporal variation and align the horizontal axis
of line graphs of averaged spatial variation. The following clarifies the
mapping between our discrete equilibrium sampling and the temporal
scale adopted throughout this work.

The yarn structural dataset employed in this work comprises a se-
ries of discrete equilibrium states acquired under two distinct loading
configurations:

« Uniaxial in-plane tension: For planar knitted fabric specimens,
equilibrium states are captured across the full strain range from
0% to 100% at 20% strain increments;

« Bending loading: For the cylindrical fabric specimen, equilibrium
states are reconstructed across the full bending angle range from
0° to 60° at 1° increments.

Accordingly, the evolution of geometric descriptors investigated here
is parameterized along the quasi-static loading path, and the temporal
scale in this context specifically corresponds to the loading history scale
defined by these incrementally increasing state points.

Spatial variation

We compute the course-wise and wale-wise spatial derivatives using
the finite difference method. The course-wise and wale-wise distances
between each pair of adjacent elements are first calculated (denoted as
Ax, and Ax,). Next, by performing a first-order difference operation
on a two-dimensional matrix along the first and second dimensions,
the differences of each quantity between adjacent elements are com-
puted (denoted as AQ, and AQy). The difference results, along with
the spatial step size, essentially provide a discrete approximation of the
partial derivatives, corresponding to the numerical implementation of
% = %, where Q can be substituted by quantities computed previously
(e.g., fabric curvature, area, aspect ratio, etc.).

After obtaining the spatial variation of each unit, we get two ma-
trices at each time point, the units of which represent the course-wise
and wale-wise spatial variation. We then summarize the results by tak-
ing the average of the absolute value of spatial variation over all the
units and drawing two line graphs to demonstrate the trend. These line
graphs provide us with an overview of the spatial differences of certain
geometric quantities of the fabric at each time point, as well as the trend
in their variation.

Temporal variation

We can further compute the temporal variation of each quantity
by taking the difference between the initial frames and the intermedi-
ate frames (AQ, = Q, — Qy). By dividing the difference by the initial
amount, we get a percentage change relative to the initial amount
(P, = AQ—QO’). This method is dimension-independent and hence enables
the comparison between data with different units. By eliminating the
incomparability caused by different dimensions, data with different
dimensions can be involved in model calculations at the same scale.

The above calculation gives us matrices at each time point showing
the percentage variation of each unit with respect to the initial amount.
We can then plot heatmaps to illustrate the results, and the combina-
tion of these figures will show the quantity change over a time period.
By comparing the dynamic behaviors in different zones of each sample
and the heatmaps of different knitting patterns, we can analyze their
mechanical properties accordingly.

Interpretation of hot spots

Throughout this paper, the term “hot spot” denotes a region of persis-
tently large absolute geometric variation for a chosen descriptor. Unless
otherwise stated, this terminology refers to geometric localization and
does not by itself imply a direct measurement of stress, energy density, or
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damage. However, our framework provides a quantitative language for
nonlinear deformation in knits and establishes a geometry-based repre-
sentation that can be coupled to constitutive models, in order to provide
stress-, energy-, and damage- related mechanical interpretations.
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